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Abstract

Fractional differential equations generalize classical derivatives and integrals using
fractional derivative operators. These equations have gained increasing popularity in
recent years due to their applications in diverse fields, including physics, engineering, and
financial science.

This dissertation investigates a numerical method for solving fractional-order differential
equations subject to initial or boundary conditions using Legendre wavelet optimization.
The core idea of this approach is to approximate both the known and unknown functions
within the target equation using Legendre wavelets. Leveraging the orthogonality
property of Legendre polynomials and the operational matrices for ordinary and fractional
derivatives (according to the Caputo definition of the fractional derivative), the fractional
differential equation is transformed into a system of algebraic equations that can be
readily solved. To validate the accuracy and efficiency of this method, several illustrative
examples of initial and boundary value problems are presented. The obtained numerical
results are compared with the exact (analytical) solutions, confirming the effectiveness of
this method for solving fractional-order differential equations.

Keywords: Fractional Calculus; Shifted Legendre Wavelets; Operational Matrix;
Fractional Differential Equations; Caputo Fractional Derivative.
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Notations

N=1{123,..}

N, = {0,1,2,..}.

Z: The set of integer numbers.

R = (-00, ).

R* = (0, ).

C: A complex number.

[x]: The greatest integer less than or equal.

L? (R): Vector space of measurable, square-integrable one-dimensional function £ (x).
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Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary
(non- integer) order. Many famous mathematicians contributed to this theory over the years;
this field is the field of mathematical analysis which deals with the investigation and
applications of integrals and derivatives of arbitrary order.

The fractional calculus may be considered an old and yet novel topic. The beginning of the
fractional is considered to be Leibniz's letter to I'Hospital in 1695.

It is an old topic since, starting from some speculations of L. Eule (1730) and G.W. Leibniz
(1695,1697), it has been developed up to nowadays. A list of mathematicians, who have
provided important contributions up to the middle of our century, includes J.L. Lagrange
(1772), P.S. Laplace (1812), J.B.J. Fourier (1822), J. Liouville (1832), B. Riemann (1887),
A.K. Grunwald (1867), H. Weyl (1917), E.R. Love (1938-1996), H. Kober (1940), A. Erdelyi
(1939-1965).

The use of fractional calculus in viscoelasticity, wave motion, thermal conduction problems,
signal and image processing, and blood flow phenomena, also in the tautochrone problem,
and is sometimes called the equal time problem (synchronization).

The number of scientific and engineering problems involving fractional calculus is already
very large and still growing.

Fractional order differential equations have important applications in fields like physics,
engineering, and biology, but they are more complicated than ordinary differential equations
and difficult to solve using traditional methods. Exploring techniques for transforming FDEs
into systems of algebraic equations using wavelet operational matrices.

The significance of this research stems from the increasing need for accurate and efficient
numerical solutions to fractional differential equations, which are essential mathematical
models used to describe systems with non-local properties and memory effects. Due to the
difficulty of obtaining analytical solutions for such equations, developing numerical methods
based on operational matrices is a crucial step toward simplifying the solution process.
Utilizing wavelets constructed from Legendre polynomials provides a robust numerical
framework characterized by orthogonality and high accuracy, which contributes to

improving results and reducing numerical error. Thus, this work offers a valuable scientific
1



contribution in the field of numerical analysis of fractional equations and can be applied in
various physical and engineering contexts.

This research aims to develop an efficient numerical method for solving fractional
differential equations by constructing operational matrices for fractional derivatives based on
Legendre polynomial wavelets. It also seeks to examine the accuracy and effectiveness of
the proposed method by applying it to well-known test equations and comparing the results
with analytical solutions (when available) or previously developed numerical methods. The
goal is to minimize numerical error and enhance the computational stability of the proposed
technique.

Wavelet theory is very significant in science, engineering, and technology. In recent years
wavelets have achieved enormous attention in many fields of investigation, such as
spectroscopy, signal analysis, feature detection in earth science, time-frequency analysis,
image manipulation, etc. Many scholars have contributed to the development of wavelets.
Especially, Daubechies, Belkin, Meyer, and Mallat are some of them. There has been a
substantial increment in the number of studies on wavelets. There are a variety of wavelet
functions such as Daubechies, Haar, Laguerre, Legendre, Shan-non, Lagrange, Hermitian,
and Chebyshev wavelets. Among these wavelets, we chose Legendre and Bernoulli wavelets
in this dissertation because of their orthonormality.

The Legendre wavelet function was chosen in this research for several advantages that make
it a powerful tool for constructing operational matrices. One of the main advantages is its
orthogonality, a property that helps improve numerical accuracy and reduces error when
applied to fractional differential equations. By using orthogonal functions, interference
between different functions is minimized, resulting in more accurate and less scattered
results. In addition, Legendre functions have mathematical simplicity, making them easy to
derive and use in complex calculations without the need for intricate operations. This
simplicity makes them well-suited for numerical methods. Moreover, these functions offer
high accuracy in approximating fractional derivatives, leading to improved numerical
solution results and reducing the overall error. With these advantages, Legendre wavelets are
considered an ideal choice for efficiently and effectively solving fractional differential
equations.

This study is limited to fractional differential equations that involve linear functions only,



with Legendre wavelets being used based on their orthogonality property to achieve accurate
results. Nonlinear functions or nonlinear effects that may arise in certain physical or
engineering applications have not been addressed in this research. Therefore, the results
obtained are based on the fundamental assumption that the equations dealt with are linear.
Based on the above, and in order to clarify the foundation on which this work is built, the
following section provides a review of the related literature, from these studies:

In this paper (Belgacem et al., 2018), a numerical method based on Bernoulli polynomials
is presented for numerical solutions of fractional differential equations. The Bernoulli
operational matrix is derived and used with the Tau collection method to transform it into a
system of linear algebraic equations. Therefore, the advantage presented by this paper is that
it has a higher computational complexity and provides solutions with high accuracy. Building
on this background, this paper headings a similar mode but with a new function to highlight
the behavior of the solution under this adjustment. In the references (Secer et al., 2019),
(Chang et al., 2016) and (Isah & Chang, 2015), the Legendre wavelet operational matrix
method for fractional matrices was presented which is a new method that combines fractional
differentiation with wavelets, the Legendre function, and operational matrices. The studies
propose a new technique based on Legendre waves to obtain better results using the
properties of wavelets and orthogonal Legendre polynomials. Using Legendre wavelets for
fractional matrices, approximating the solution and converting the problem to linear
equations. The results demonstrated that this technique is effective and applicable. In
addition, this method was developed to solve initial and boundary value problems for
diffusion equations, and effective results were obtained and proven to be efficient. In contrast
to the three previous studies, the present paper employs the Bernstein fractional
differentiation operational matrix (Saadatmandi, 2014) was derived to the order alpha, and
positive and accurate results were obtained. From here we notice that fractional matrices have
become important, their studies are effective, and their results are accurate. It should be
mentioned that, all these references use Caputo's fractional definition in deriving operational

matrices.



The thesis is organized as follows:

e Chapter One:

This chapter, provides an introduction to fractional calculus, its history, and the
development of its main concepts, with a focus on the fundamental definitions of
fractional derivatives such as the Riemann-Liouville, Caputo, and Griinwald—Letnikov
definitions. It also includes an explanation of some special functions related to fractional
calculus, such as the Gamma, Beta, and Error functions, along with their properties.
General properties of fractional derivatives are discussed and supported with illustrative
examples. Additionally, the chapter introduces the concepts of the inner product and

linear functions, as a foundation for the subsequent chapters.
e Chapter Two:

This chapter, aims to study Legendre polynomials to clarify and gain a deeper

understanding of them. It includes the (differential equation, the generating function, its

recurrence formula, the properties of Legendre polynomials, the orthogonal function and

some examples). This will be used in research especially in chapter three.

e Chapter Three:
This Chapter, provides an introduction to wavelets and their historical development,
along with a definition of the Wavelet Transform and the most commonly used
wavelet types. The chapter also discusses key properties of wavelets, such as
orthogonality and normalization, due to their importance in numerical applications.
Within this context, special attention is given to Legendre wavelets, particularly the
Shifted Legendre Wavelets, as they are directly related to the subject of this study.
The differences between the standard and shifted Legendre wavelets are clarified in
terms of their mathematical structure and applications.

e Chapter Four:
Chapter four presents the numerical solution of fractional differential equations using
the Shifted Legendre Wavelet method. This chapter discusses the key components of
the method, including the operational matrix of derivative and fractional derivative,
as well as the normalized Shifted Legendre operational matrix of fractional-order
derivatives. The approach used for solving linear fractional differential equations is

4



detailed, and some example problems are solved using this technique. MATLAB was
employed to implement the computational algorithms and generate the results, which
were shown to be accurate and efficient.

Chapter Five:

A conclusion and future work are drawn in this chapter.



Chapter One

Fractional Calculus



Introductory Concepts

In this chapter, we present some special functions such as (Gamma, Beta, error function and
Mittag —Leffler function) these functions play an important role in the theory of fractional
derivatives. We also study the most commonly used definitions in fractional differentiation,
which are Griinwald — Letnikov Fractional Derivatives, Riemann Liouville Fractional
Derivatives and Caputo Fractional Derivative. Some examples are studied to illustrate how
to use these functions.

1. Introduction to Fractional Calculus (Malinowska et al., 2015) and
(Podlubny, 1998)

Fractional Calculus (FC) is a branch of mathematics that began three centuries ago. It is
referred to as (FC) and there are other names for it, including generalized calculus and
arbitrary calculus.

It can be considering an ancient and modern topic at the same time. It dates back to the
seventeenth century through Leibniz and Euler and has witnessed gradual growth and
progress in the present time, despite its origin as ancient as classical calculus itself.

It has several fields in engineering, physics and other sciences. Compared to the classical
theory of differential equations, work on the theory of fractional equations is still in its
beginnings.

2. Historical Review (Podlubny, 1998),(Malinowska et al., 2015)

The concept of fractional derivatives appeared for the first time in a conversation between
G.A.de L’Hospital and G.W. Leibniz in date 30 September 1695.

n
At that time, L’Hospital asked Leibniz:" what does ;x—n f(x)ismeanifn = % not an integer

(rational number)? what could it be? Leibniz replied that it leads to a paradox from which

useful results will someday.



Fractional Calculus is very old since its classical existence, but it has been developed in
recent years by many authors and from them L. Euler (1730), J.L. Lagrange (1772), P.S.
Laplace (1812), J.B. J. Fourier (1822), J. Liouville (1832-1873), B. Riemann (1847), H. L.
Greer (1859), A. K. Griinwald (1867-1872), H. Weyl (1919), A. Marchaud (1927), D. V.
Widder (1941), W. Feller (1952) and others.

Recently, fractional differential equations (FDES) have been of considerable interest.

In the received there are many applications such as: the use of fractional calculus in
viscoelasticity, wave motion, thermal conduction problems, signal and image processing, and
blood flow phenomena. One of the important of these applications is the Niels Heinrik Abel
(1823-1826) application, which is tautochrone problem, and is sometimes called the equal
time problem (synchronization).

All these developments have stimulated the study of FDEs, a topic that had for many years
been a relatively mysterious field of mathematics. Most fractional differential equations do
not have exact analytic solutions, so approximation and numerical techniques must be used.
Recently, several numerical methods have been implemented to solve fractional differential
equations.

Over the years, fractional calculus became a very attractive topic for mathematics and many
different forms of fractional calculus operators were introduced, and continue to be to this

day.

3. Some Special Functions:
In this section we provide some definitions and give certain features of some well-known

functions such as the, Gamma, Beta, error function and Mittag-Leffler function.
e The Gamma Function(1729) :(Podlubny, 1998), (Delkhosh, 2013), (Askey & Roy,
2010), (Dragomir et al., 1999), (Bologna, 2005) and (Farrell & Ross, 2013)
The gamma function is an extension of the multiplication function for real and complex
numbers. It was first introduced by the Swiss mathematician Euler in 1707.
It is symbolized by the Greek I' symbol, and it plays a fundamental role in fractional
calculation.
e Definition 1.1: (Farrell & Ross, 2013), (Dragomir et al., 1999), (Bologna, 2005)

The Euler definition of gamma function is widely used in mathematician and helps in solving



1)
2)

3)

4)
5)
6)

many problems. It is most common and is known as the following:
I'(x) = J t* e tdt,x > 0,x € R* (1.1)
0

where,

I'(x) is gamma function, R* = (0, ) is the set of positive real numbers.

Definition (Euler) 1. 2: (Dragomir et al., 1999), (Bologna, 2005)
Using the infinite product gives Euler's definition of the gamma function as follows:

o — I nln*
(x) = lim x(x+ D +2) .. (x + 1)

For example, x =1

I(1) = lim nn
o (D(2)(3) - (1 + 1)

|

D= m a7 ‘n‘l&(n+1)

r) = 1.

Definition (Weierstrass) 1.3: (Podlubny, 1998), (Delkhosh, 2013), (Askey & Roy, 2010),
(Dragomir et al., 1999)
It is another way to present the gamma function

FEOT(=x) = xsin(mx)
There are many other definitions of the gamma function.

Some Properties of Gamma Function:

r() =1
r) = 1r(1) = 1!
r(3)=va

ImM=mn-1),n=123,..
'n+1) =nl'(n)

F(n+%) =2 V1

T 2np
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Figure 1.1: Gamma Function for Real Numbers
e The Beta Function: (Podlubny, 1998), (Delkhosh, 2013), (Dragomir et al., 1999) and
(Bologna, 2005)
This name was used in 1990 by Whittaker, Legendre and Watson, and it is symbolized by
the symbol B(z, w),which is a Greek letter.
It is an important mathematical tool and is used in many applications, as z, w is two real
numbers greater than zero.
Definition 1. 4: (Podlubny, 1998), (Delkhosh, 2013), (Dragomir et al., 1999) and (Bologna,
2005)
Beta function is defined by the integral
1

B(z,w) = f tZ71(1 - t)”"1dt,Re(z) > 0,Re (w) > 0,w € Rt (1.2)
0

Where B is beta function, and R*is the set of positive real numbers.

9



Relation Between the Gamma and Beta Function is;

_ T'(@)r'(w)

T T(z+w) (L3)

Bz, w)

Remark 1.1: The Beta function is symmetric as:

B(z,w) = B(w,z)

Example 1. 2:

rera) 1

£(2,3) =TT 12

_TRrEe 1
p(3,2) = TG 12

e The Error Function (erf) (Kimeu, 2009) and (Chevillard, 2012)

Definition 1. 5: (Kimeu, 2009) and (Chevillard, 2012)
The error function is defined as
2 (¢,
erf(t) = —J- e ™*dx ,t>0 (1.4)
v Jy

A function which is closely related to the error function is

The Complementary Error Function (erfc) is defined as:

erfc(t) =1—erf(t)

0.8

06

0.4 -

0.2 r

erf(x)
o

-02

-04

-06

-08 +

Figure 1. 2: The Error Function (erf)
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Figure 1.3: The Complementary Error Function (erfc)
Example 1.3:
1) erf(0) =0
2) erf(o) =1
3) erfc(t)=1— erf(t) = erfc(t)+erf(t)=1

Remark 1.2: (Kimeu, 2009) and (Chevillard, 2012)
The error function is an odd function
erf(—t) = —erf(t)
and also symmetric about the origin as in the figure above.
e The Mittag — Leffler Function: (Podlubny, 1998) and (Atanackovic, 2013)

The Mittag-Leffler function introduced by the mathematician Gosta Mittag-
Leffler in 1903 generalization of the exponential function, and it is one of the
essential functions related to fractional differential equations. The interest in
the Mittag-Leffler function increased due to its importance and applications
in non-integer order calculus, the so-called fractional calculus, and fractional

order differential equations.

11



Definition 1.6: (Wiman, 1905)
(Mittag-Leffler function)

1. In 1905, Wiman gives of one parameter is given by

i £k
_E .. 1.5
Eq(t) k_ol,( K+ 1) a>0€eR,teC (1.5)

2. In 1971, Prabhakar introduced new of two parameters is given by (Prabhakar, 1971)
— . 1.6
Eqp(t) kE_OF(“k""B) s a,B>0€R,teC (1.6)

Examples 1.4: (Podlubny, 1998)

Some properties of Mittag- Leffler function from equation (1.6) showed as:

IR A

where,
I0o) tk t2 t3
efzz —=14+t+—=+=+-
k=0 k! 2! 3!

tk+1

otk otk t tF 1
2)E1,2(t)=Zr(k+2)=Z(k+1)!=ZZ(k+1)!=? (k+1)

Letk+1=n

- 2 ¢3

Ittt 1 1 t?2 3
El,z(t)—?ZH— ? t+§+§+"' —? —1+1+t+i+§+'“

n=1

et —1

1
E,(t) = ?{—1 +e'} =

had £2k e £2k
3) B2 (t) = Z rk+1) Z 2k~ cosh(®
k=0 k=0

where,

2 4

t
cosh(t) =1 +§+Z+

12



RN t 1 t2**1  sinh(¢)
B B8 = ZF(Zk ¥2) Zz Ck+1)! tZik+1)! ¢
k=0 k=0 k=0
where,
3 5
smh(t)—t+3' §+

Lemma 1. 1: (Podlubny, 1998)
When 8 = 1 we obtain the one parameter Mittag —Leffler function instead of two parameter
Mittag —Leffler function.

Equq1(t) = kzzom = E,(t)

4. Fractional Derivative
There are many important definitions in the fractional derivative, the most important of which is:

4.1. Griinwald — Letnikov Fractional Derivatives: (Podlubny, 1998), (Atanackovic, 2013)
,and (Ray, S. S., & Gupta, A. K. ,2018)

Definitionl.7: (Podlubny, 1998), (Atanackovic, 2013) and( Ray, S. S., & Gupta, A. K. ,2018)

The Griinwald- Letnikov [A. K. Griinwald (1867)] fractional derivative of order « > 0 is defined

as:

S-LDEf(H) = Jim haZ( O (9)fE—rh), t>a,620 (L.7)

nh=t—-«a

Where n = [%] and (r) it represents the binomial coefficients of a non-integer number, we get:

(a) [(a+1) _ala—-D(@—-2).(a—r+ 1) —12.

r Tr+Dl(@—r+1) r!
The Griinwald— Letnikov definition is simply a generalization of the ordinary discretization
formula for integer order derivatives, we have
af@®) _ f@®O-ft-h
= lim
dt h—0 h
4.2.The Riemann Liouville Fractional Integral and Derivatives (Podlubny, 1998),
(Atanackovic, 2013) and (Ghosh et al., 2015)

In this part, we will talk the Riemann Liouville Fractional integral and fractional derivatives.

13



Definition 1.8: (Podlubny, 1998), (Atanackovic, 2013) and (Ghosh et al., 2015)
The Riemann-Liouville definition as:

t
RLizf(t) = ﬁf (t—1)* f(r)dtr ,t € [a,b],a > 0,a € RT (1.8)
In the special case when £(t) = t#, we have
r 1
RLIa(4)F = %t‘”ﬁ ,(a>0,8>0) (1.9)

Where I'(a) is the well-known gamma function, R is the set of positive real numbers.
e Some Properties Riemann - Liouville Fractional Integral as Follows:
1. (REICRLIBYF(t) = REIZ*B£(E), (@ > 0,8 > 0)
2 RLIaRLDaf(t) = f(t)
For example:
Use the above equation (1.9) with we ¢ =1 and g = 0.5 find the Riemann — Liouville’s fractional

integral of the following functions:

Vr
I'(2.5) 3Wr 3
4

Remark 1.3: (Podlubny, 1998) and (Atanackovic, 2013)

When a = 1, the fractional Riemann - Liouville integral returns to ordinary integral, meaning it

returns to the classical integral.

For example,

When a = 1, 8 = 0,we find that (1.9)
r'(1+0) t0+1:@t:

roO+1+1) I'2)

this is perfect in classical integration

= t

jl dt=t+c

Riemann Liouville Fractional Derivatives (RLFD):
The Riemann-Liouville integral is introduced by Bernhard Riemann and Joseph Liouville in1832.
Perhaps, it is the first definition of fractional derivative that allows for a non-zero value for fractional

differentiation of the constant.

14



Definition 1. 9: (Podlubny, 1998), (Atanackovic, 2013) and (Ghosh et al., 2015)
Suppose that a,a,t,b € RT where(n — 1 < a < n) then

1) Fractional Differentiation in the Left- Handed Riemann Liouville Concept:

RaDf(£) = DM (1)

1 dar (¢ f(odr
RLDZ £ (t) = ) Vt>0
aDi f (1) [(n—a)dt" ), (t —7)e ™+

2) Fractional Differentiation in the Right- Handed Riemann Liouville Concept:

f(r)dr
F(n a) dtnf (t —7)an+1’

Definition 1. 10: (Podlubny, 1998) and (Atanackovic, 2013)

vVt >0

REDE () = (—1)"

The Riemann-Liouville definition in general is:

REDE f(t) = j(t—r)” a-1f(r)dr,(n—1<a<n), vt>0 (1.10)

'n—a)dth?
Or

n

RéDl{xf(t) dn a

Theorem 1.1: (Podlubny, 1998) and (Atanackovic, 2013)

RLD=("D £(1),(n—1 < a < n),Vt >0 (1.11)

Riemann-Liouville fractional derivativeRDZ f(t) of the power function f(t) = (t — a)”,where

v is a real number is

['(v+1)
A+ _ \V — — g\v-a.
D*(t—a) F(v—a+1)(t a)’ %veR (1.12)
Proof
Let f(t) = (t — a)?, we find that, From the equation (1.10)

1 anr t
mﬁf (t - T)n—a—l(,[ - Cl)vd T
a

|etr=a+y(t—a) whent=a =y, =0,whent=a= y, =1,dt = (t —a)dy

RLDE(t — a)” =

RiDE(t —a)? = (a+y(t—a))"* Ha+y(t—a)—a)'(t—a)dy

F(n a) dt"f O

15



3 1 d"
" I'(n—a)dt®

1 dan

1
- (t _ a)v+n—af (1 _ y)n—a—l yvdy
I'(n—a)dth 0

1
j (1= )" 1(t — )" y¥ (¢ — ) (¢t — a)dy
0

[(v+1)
RLD(Z _ [ — _
aDi (¢ =~ a) Tv—a+1)

(t—a)@

Important comment:

From the equation (1.2), we get

letz—1=n—-a-1=2z=n—-a,w—1=v=asw=v+1

Tn-al(v+1)
Tw+n—a+1)

1
f (1 -y ty’dy
0

where
_ 1 d" [Tm—a)T(v+ 1) (t — q)P+n-e
Im—a)dt*"|[Tw+n—a+1)
_ F'v+1) d" (¢ — qyvn-a
Tw+n—a+1)dt?
where,

d—;(t—a)””_“:(v+n—a)(v+n—a—1) w—a+D(t—a)" "
Tw+Dw+n—a)w+n—a-1).v-—a+DEt-a)"*
T wAn—ao)w+n—a-1).wv-—a+DIv—a+1)

Thus, one has

[v+1)

RLD(Z _ - _
aDi (¢ =~ a) Tv—a+1)

(t—a)' @

Example 1. 5:

Use the above theorem (1.1) with @ = 0 and a = 0.5 to find the Riemann-Liouville fractional
derivatives of the following function:

(D f@)=t3 witha=0&v =3

) f@) =t3 witha=058&v =3

Solution:

(1) Since @ =0,s0

16



r+1 I'(4
REDP(t—0)° = —F(B(— 5 +)1) (t—-0)°= %ﬁ =3
(2) Since a =%, S0
r+1 1 T4 6
W0 = : 1\2 i -0 ot T

T T(7/2 ~15 —
NZPM L

e Some Properties of the Riemann-Liouville Fractional Derivative (Podlubny, 1998),
(Atanackovic, 2013)
Property 1:

From equation (1.11), we substitute its values @ = n — 1 then we obtain an order (n — 1)

RDP1F(0) = < (%D ) )

den

n

=5 "D () = FI)
Property 2:

Using (1.11), Fora =n > 1andt > a
d‘n

REDT f(t) = FrE ("D f ()
dtnf(t) fr®
Property 3:
One of the most important properties of Riemann-Liouville fractional derivative,
where « > 0 and t > a is that,

ReDE (FeDe* fF(©) = f()

Proof

Fora = n > 1, we have:

RLDE (FLD7® F(£)) = ~— j (¢ — " f(D)dr

dtm

4pg (D7 F0) = e [ £ de = £

17



Remark1.4:
ReDE[RaDr FD)] = f .
In general, when o > 8 > 0 and B = a = 0, then we have:
FLpg (R F(e)] = Rep £ (o)
Property 4: linearity:
SDE(Af(©) + ug (D) = AREDEF(6) + uRiDfg(t)

Where n—1<a<na€R,A and u are constants, f(t) and g(t) are
functions.

Property 5: Non-commutation:

RLpapnf(t) = RLpa+nf(¢) # DRRLDaf(¢)
Wheren—1<a <n,a € R,N € Nand f(t) is function.
Property 6: Interpolation:
L lim ®Df(t) = f"(t)

2. lim RBEDEf(t) = f*1(¢b)
a-n—1
Wheren—1 < a <n,a € R,n € Nand f(t) is function.

Corollary 1.1: :(Podlubny, 1998) and (Atanackovic, 2013)
The Riemann —Liouville derivative of constant is not zero, that is:

Rlpa ¢ = ce” # 0,c = constant
LT T -a) T T
Proof

From equation (1.10), for (a = 0) can be written as

dn t
RLDa C = _J t — n—a—ld
DEC =ty @) O ‘
RLDa C _ dTl C tn—a
art dt"(n —a)l'(n — a)
C m—a+1
RLpZ ¢ = ( )t_“=—t_“¢0
[(m—a+1) T(1-a) '1l-a)
For example,

18



4.3.Caputo Fractional Derivative (CFDs) (Podlubny, 1998), (Ray & Gupta, 2018)and
(Atanackovic, 2013)

The Riemann- Liouville (RLFD) definition played an important role in the development of
the theory of fractional calculus. But the demands technology requires a certain revision of
the well-established pure mathematical approach, especially in the theory of viscoelasticity,
where fractional derivatives are used for better description of material properties. Applied
problem require definitions of fractional derivative as the utilization of physically
interpretable initial conditions, and the Caputo definition is convenient for that. The Caputo
definition provides a compromise between the weak conditions on f(x) and the undesirable

of the Riemann- Liouville.
Definition 1. 11: (Ray & Gupta, 2018)

In 1967, the Italian Mathematician M. Caputo introduced the Caputo fractional derivative of

a function f(x), as

1 £ ()
—F(n—a)LWdT Mnm—1l<a<n

Sppf(e) = { LG

= ® , a=n

Where the parameter «a is the order of the derivative and it can be real or complex in caputo and n

(1.13)

is an integer.
Theorem 1.2: (Podlubny, 1998)

Caputo fractional derivative D& f(t) of the power function f(t) = t¥;

O+ e l<a<nv>n—1veER (1.14)
et ={T(w + 1 — ) ,n a<nv>n—1v :
o , n—-1<a<nv<n-—1 veEN

Proof:

19



The first case is:

@

t
D%tV =
'n—a) fa (t — 7)a+i-n

dt

When a = 0, we have
1 t (V)"

- Tn—a)l, (t—T1)atln dt

Where,

(tv)n — (vtv—l)n—l
= (v(v — D)2

=vw-1Dw-2)..(v —n+Dt"™"

_ Tw+1)
TTw-n+1)

v—n

_ 1 ' Tw+1) o -
_F(n—a)joF(V—n+1)(T ) dr

Now, if use the substitution 7 =At,dt = t dA, where 0< A < 1 ,then we

have
@ — Frv+1) L .
b= Tm—a)v—n+1)J, A" ((1 = DO *1 tda
rv+1)

1
= F(n - CZ)F(U et 1) tv_ajo (A)U_Tl(l _ A)n_a_ldﬂ

_ rv+1)
TThi—a)l(v—n+1)

t" *Bv—-n+1,n—a

20



By using the relation (1.3)

Dagr — rv+1) g LW —n+DI(n—a)
t T Tn—-a)T(v—n+1) Tw—a+1)
B Frv+1) a
T Tw+1-a)

As for the second case, when (t")"=0,n—1<a<nv<n-—1, veEN,thisis
done through the constant function, which has the derivative of the fractional caputo

equal 0.

Example 1.6: Use the theorem (1.2) with a = % and é and v = 1 and 2 to find the

CFDs of the following functions:

1. f(t) =t witha = %,v =1
2. f(t) =t? witha = g,v =2
Solution:

1. Sincea = % thenv =1, s0

'v+1) _

D%t = v-a
rTv+1—-a)

D%t_ r(1+1) tl_%_F(Z) %_2\/?
rivi-g) otz T

2. Since a = é thenv = 2, S0

rv+1)
Tv+1—-a)

vV-a

Def(t) =
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1 1 5 5
pre_ T@+D 1 TG s 5

1
r(z+1-3)
Example 1. 7: If a=0, a = %n =1, f(t) =t then find the Caputo fractional

derivative of order % of function f(t) =t ?

Solution: Form the equation (1.13), we find that

Dy 1L d ff 1 p
= —_ T-17art
r 4 -2

Suppose that
u=((t—-1) ,du=—dr,—du=drandt=(t—u)whent=0=>u=t andt=t=
u=20

D%t—_ldfol t d
_\/Edtt T.(t—u)du

Uz
—-1d (° 1
=ﬁaj u 2 (t—u)du
t
1d fo_zd fo_ld
= ——|— u 2tau + u 2udu
N : !
1d 1002 3,
= \/_EE[_Ztuzlt +ouzlf
1 d4t%_2\/?
Jmdt3  m
Or
Letu=(t—1)Y? 2 u?=t—1= 2udu = —dr
par =24 ("1,
=——| —du
Vi Jgu
2u ﬁ1d
=—| —du
Vmly u
1 2\t
th:_\/_
NG
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e Some Properties of the Caputo Fractional Derivative (Podlubny, 1998) and
(Atanackovic, 2013)
Property 1: linearity:
SDF(Af () + ug(®)) = AGDEf(t) + uéDE (L)

Where n—1<a<na€R,A and u are constants, f(t) and g(t) are
functions.

Property 2: Non-commutation:

CDEpnf(t) = CDENF(t) = DMCDAF (L)
Wheren —1 < a <n,a € R,n € Nand f(t) is function.

Property 3: Interpolation:
1. lim °Def(t) = f™(t)
a-n

2. lim DUf(R) = f(®) ~ f7710)
a-n-—
Wheren— 1< a <n,a € R,n € Nand f(t) is function.

Lemma 1.2: (Atanackovic, 2013) and (Podlubny, 1998)

Relation between the Caputo and Riemann-Liouville fractional derivative operator holds

GDEF(E) = ReDE| f(8) — Z %ﬂm)(cz) t>0,a €ER
m=0

Remark 1.5: (Podlubny, 1998)
Unlike the Riemann- Liouville fractional derivative, the Caputo fractional derivative of a
constant is zero.

DFC =0 ,(Cis aconstant)

Proof:
1 t cr
D{’C=mja oo =0
For example,
Letf(x) = C,a =%,a =0, thenn =1, s0

pV2c = 1 ft(t _ T)1—1+% d
t F(l/Z) o E(C)d’[ = 0.
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The advantages of Caputo’s approach are that the derivative of the constant function under

CFDs is zero.

5. Linear Multi-Order Fractional Differential Equation (Isah & Chang,
2015)

Definition 1.12: A linear fractional differential equation (LFDE) can be written in the form

Dy(t) = a; D1y (t) + -+ + anDy(t) + A1y (L) + Ansof (1)

Where D* is the fractional derivative operator of order «a and
y(t) is the wunknown function and a4,..,a, are constant coefficients and
f(t) is a known function of time.
For example,

1. DYy(®) +y(t) =t

2. D%y(t)+2y(t) =0
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Chapter Two

Legendre’s Polynomials



Introduction
This chapter is devoted to the study of Legendre polynomials, which are among the most

prominent classical functions in mathematical analysis. Their importance lies in the fact that
they serve as a canonical example of orthogonal functions over the interval [—1,1] , making
them a fundamental theoretical tool in various numerical and analytical applications. These
polynomials possess several distinctive properties, most notably the orthogonality property,
which allows for accurate function representation within suitable orthogonal function spaces,

in addition to normalization, which facilitates many analytical operations.

1. Legendre’s Differential Equation (Bell, 2004) and(Sneddon & Cohen,
1956)

The Legendre equation is named after the French scientist Adrien Marie Legendre (1752-
1833), and it is a second- order linear differential equation. Given as,

(1—x?)y" —2xy'+n(n+ 1)y =0, (2.1)
where n is non-negative integer.

It can also be written as follows,
i{(1 —xz)d—y} +nn+1)y=0
dx dx
Clearly, the only singular points of (2.1)are x = l1and x = — 1.

2. Legendre’s Polynomial (Bell, 2004) and(Sneddon & Cohen, 1956)
They are orthogonal functions orthogonal on the interval [—1,1], and are solutions to the

Legendre differential equation (2.1) symbolized by B, (x), called a Legendre polynomial of

order n, it is given as follows:

7]
_ (27’1 - Zk)' n—2 2.2
(%) _kZO (-1 2kl (n—2k) (n—k) © * 22

where,

n—
—, nodd
[2] the largest less than or equal to =, that is [E] _) 2
2 ’ 21 /n even
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Some properties:
Whenn =0,k = 0in (2.2), we have,
(2x0-2x0)!

P =D oo zxon-0 * L

Pi(x)=x
P,(x) = 5 (3x%-1)

1
Py = E(ng —3x)

1
P, = g(BSX"‘ —30x%2 + 3)

P, = §(63x5 — 70x3 + 15%), etc.
Theorem 2.1: (Bell, 2004) and (Sneddon & Cohen, 1956)

(Rodrigues’ Formula)

The Legendre polynomials P, (x) are defined by:

n

= (e = 1)
2"n!ldx™

P (x)

Proof:
From the binomial expansion we can write:

n

o2 =1m = () @Dk

k=0
n
dr (=Dkn! d"
— (y2 _1\" = 2n-2k
P L, = Ikl dx (%)
where,
dr (@n =200t ook < on— 2k

T (% = (= 20! x
0, n>2n-—2k

26
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We find that

n

Z
k
i(xz _1yr = —D*n! 2n-2k)! .
dxm o (n—Kk)'k! (n—2k)!
Thus,
n
dr S (=DF (2n-—2k)!
—@2-1D"=n! 2" | 2k
dx™ 2"(n— k) k! (n — 2k)!
k=0
dn
m(xz - 1)" =n! ZnPn(X)
Hence,
1 dr n
g &~ DT =R
Remark 2.1;
|
dk n n-k
e i Ty M
0, k=>n
for example,
d’ 10!
L0 __"".3
dx’’ T3

2.1. Generating Function of Legendre Polynomials (Bell, 2004) and(Sneddon &
Cohen, 1956)

Theorem 2.2: The Legendre Polynomials can be generated as,

1 (o)
_ z POt x| <1, |t] <1 2.4)
V1 — 2xt + t2 -
n=0
Proof:
. (1— @xt—t2)"2
= — (2xt —t 2
V1 —2xt + t2

Let u = 2xt — t2
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(D) e DD e, DD,

(1—u)2 =1+——=(-uw)'!+ + e (u 30

(DL (D)

:i(—l)“( D"(135..@2n-1) ,

2"n!

(—w" +

Multiply by % to obtain
1 2 i (—D"(=1)"(1.3.5 ...(2n — 1))

A=w) Z"n' 2"n!
e,
22n(1ﬂ)2
n=0
By Substituting u = 2xt — t2
1 > (2n)!
= ) 50— (2xt — 3"
_ 2n ! 2
Vi-2xt+12 £&22(n)
(2n)!
= 2. 2mmne t"(2x —t)"

n=0

from the binomial expansion we find that

n

@x -0 = (i) @ k-ok

k=0

1 o)l Oy
e g U () @00
n=0 =

N (2n)in! 2nk(—1)k —
= x
- WA 2n N2
nzzozkzo(n )kl 227 (n!)

We find that

iz”: (=1)*(2n)! xm gk
\/1—2xt+t2 (n— k) k! 2n+k(nl)

n=0 k=0
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Leti=n+k=>n=n1—-k

1 B i i (—1)k(2A — 2Kk)! xA~2k¢h
VI—2xt+t2 (A —2k) k! 27(7 — k)!

_ Z P (x)t"

n=0
2.2. Some Properties of Legendre Polynomials (Bell, 2004) and(Sneddon & Cohen, 1956)
Legendre polynomials have many Properties, the most important of which are the following:
1. Bb,(1)=1 (2.5)

Proof: Putting x = 1 in generating function (2.4)

o)

1
=) P (Dt"

=0

Ji-2t+t2=J1-t)2=(1-1)
From the Maclaurin expansion we find that

1 oo oo
=) = Z P.(1)t"
(1 B t) n=0 n=0
Equal coefficients we find
P, (1) =1.
2. B(-1) = (-1)" (2.6)

Proof: Putting x = —1 in generating function (2.4)

o)

-
=) p(-Dt"
Vit2t+t2 4 "

=0

Ji+2t+e2=JA+t)2=(1+1)

From the Maclaurin expansion we find that
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=S e =Y -ner
n=0 n=0

P(-D) = (D"
3. Pu(=0) = ("R (@) @7)

Proof: Putting x = —x in generating function (2.4)

1 [o.¢]
JI+2t(—x0) + 2 ;Pn(_x)t

It can be written in another way:

J1+42x(— t)+( t)2 Zp(x)(_t)

n=0

Equal coefficients we find

i P ()(-D)"t"

n=0

2 Pt = Z PG)(=De”
n=0 n=0

Equal coefficients we find
Po(=x) = (=1)"P,(x)

J142x(— t)+( t)2

Remark 2.2:
Form the equation (2.7) we conclude that
» P,(x) even function if n is even, that is
Py(—x) = B (x)
» P,(x) odd function if n is odd, that is

P (—x) = —P,(x)

2.3.0rthogonality of Legendre’s Polynomials (Bell, 2004) and(Sneddon & Cohen, 1956)
Theorem 2.3: The Legendre polynomials are orthogonal on the interval [—1,1] with respect

to the weight function of degrees w(x) = 1, that is

f B,(x)P,(x)dx =0, m # n. (2.8)
-1
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Proof: Let P, (x) and B,(x) be Legendre polynomials of degrees n and m, respectively,
where m # n. Then, we have

(1—x?)P",,(x) — 2xP',,,(x) + m(m + 1)P,,(x) =0 (2.9)

(1—x?)P",(x) —2xP',(x) +n(n+ 1P, (x) =0 (2.10)

By multiplying (2.9) in B,(x) and multiplying (2.10) in B, (x) subtract the two equations we
find that
(1 = x*)(P(x)P" 1 (x) = Bn(x)P" (%)) — 2x(B(x)P’,,(x) — B (X)P"n(x)) = [n(n +
1) —m(m + D]F(x)Fn (x)

where,

d
Po(X)P" (%) — Pn(x)P" 5 (x) = E(Pn(x)P,m(x) — Bp(x)P'p(x))

Among them, it can be written in the following form

d
Ix [ = 2 (PP (%) = Pu()P'n(x))] = [n(n + 1) — m(m + 1)1 P (%) P ()

by conducting integration on interval [-1,1]

1

[n(n +1) —m(m + 1] f Py ()P (x)dx = [(1 = x*) (P ()P 1 (x) = P ()P ()11

-1

=0

1
f B,(x)P,(x)dx =0,n #m
-1

2.4.0rthonormality Property of Legendre Polynomial (Bell, 2004) and (Sneddon &
Cohen, 1956)

Theorem 2.4: The Legendre polynomials P, (x) are orthonormal on the interval [—1,1] with

respect to the weight function of degrees w(x) = 1, that is

(2.8)

1
p? = .
f_l n(dx =5

Proof: From the above equation (2.4), by squaring both sides, we find that:

by conducting integration on interval [-1,1]
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jl 1— 2xt + (2 i i U b (X)P’"(x)dxl e

n=0m=0
Whenn =m

1 S
—Zln(l —2xt+tH)|L, = [Z f Pzn(x)dx] t2n
- -1

% 1 t z [Z J Pzn(x)dx] t2n

From the Maclaurin expansion we find that

Z 1 £2n = [z.f Pzn(x)dx] t2n
n=0 n=0""1

Equating coefficients of t2", we find

=m.

1
P2, (x)dx = ,
f_l n()dx =g

The orthogonality and the orthonormality property of Legendre polynomial can be combined as:

0 ;y MmE™N

fl P ()P, (x)dx = { 2 _ (2.8)
-1 2n+1

2.5. Recurrence Relations of the Legendre Polynomials
Theorem 2.5:

The Legendre polynomials B, (x) satisfy the following recurrence relation for n > 1:
. @n+1DxP(x) =+ 1D)Ppy(x) +nPp_1(x) (2.11)
Proof:

Differentiating both sides of (2.4) with respect to ¢, we get

o)

1 3
) (1 —2xt +t?)72(—2x + 2t) = Z nt" 1P, (x)

n=0

Simplifying

o

(1—2xt + tz)_%(x —t) = Z nt" 1P, (x)

n=0

32



Multiplying both sides by (1 — 2xt + t2), we get

" oo
(x —t)(1 —2xt +t?)"2 = (1 — 2xt + t?) Z nt" 1B, (x)
n=0

using (2.4), we have

(x—1) Z t"P,(x) = (1 — 2xt + t?) Z nt" 1P, (x)
n=0 n=0

Thus,
x Z t"P,(x) —t Z t"P,(x) = Z nt" 1P, (x) — 2xt Z nt" 1P, (x)
n=0 n=(c))0 n=0 n=0 (2'12)
+ t2 z nt" 1P, (x)
n=0
Equating of coefficients of t™on both sides of (2.12), we get
x By(x) = Pp_1(x) = (n+ 1)Ppyq(x) — 2xnP,(x) + (n — 1)Pp_4(x)
> n+ 1P (x) —2xnP,(x) + (n—1P,_1(x) —x B,(x) + P,_1(x) =0
We get:
Cn+ DxP(x) = (n+ 1)P1(x) + nP,_1(x)
Il. nP,(x)=xP',(x)—P,_1(x) (2.13)
Proof:
1 [o0]
(1-2xt+t>)2= z B, (x)t"
n=0
Differentiating both sides of (2.4) with respect to ¢, we get
3 00}
(x—t)(1—2xt+t?>) 2= Z nt" 1B,(x) (2.14)
n=0
Again, differentiating (2.4) with respect to x, we get
3 0]
£(1— 2xt +£2)2 = Z P’ (x) (2.15)

n=0

Multiplying both sides of (2.15) by (x — t), we get:
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t(x — t)(1 — 2xt + tz)_% =(x —t) z t"P',(x)
n=0

From (2.14) and (2.16), we get:

o)

tz nt" 1P (x)=(x — t) Z t"P',(x)
n=0

n=0
Hence,
Z nt"P,(x) = x Z t"P',(x) — Z t™ip’ (%)
n=0 n=0 n=0

With equality of coefficients of t™on both sides of (2.17), we get
nP(x) = xP'p(x) — P'y—1 (%)
. @n+ DP(x) = Plppa(x) = Plpg ()
Proof: From recurrence formula (2.11), we get
(Zn+ DxBy(x) = (n + DPyyy (x) + nPy_y (x)
Differentiating both sides of (2.19) with respect to x, we get

Cn+DxP',(x)+2Cn+1DP,(x) =+ 1P 11 (x) +nP',_1(x)

From recurrence formula (2.13) we get
xP'p(x) = nBh(x) + P'p_q(x)
Removing xP',(x) from (2.20) and (2.21), we get

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

@2n+ D[nP,(x) + P (0] + @n+ DR(x) = (n+ DP' 5y (x) + 1P (x)

Thus,
2n+ DB(x) = Py (x) =Py (%)

Example 2.1: Express f(x) = x? + x — 5 in terms of Legendre’s polynomials.

Solution: We know that
Po(x)=1,P(x) =x

1
P() =5(3x* = 1)

So, we have x? = §[2P2 (x) + Py(x)]

Then,

F0) = 5[2P,) + Po()] + Po(x) — SRy ()]
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Chapter Three
Wavelet Theory



Wavelet Theory (Akujuobi, 2022) and (Ray & Gupta, 2018)

The question that confuses many is what are wavelets? The answer to this question is that
wavelets are positive shapes with a finite period and their average value is zero.
In this chapter, we will extensively study the different wavelet methods for obtaining
numerical solutions to mathematical problems, which is a relatively new field of
mathematical research. Wavelets have been used with great success in many applications,
including (analyzing signals to prove the shape of the wave and dividing it, medical
diagnosis, statistical analysis, ...).
The main advantage of wavelets is their ability to convert differential and integral equations
into linear or non-linear algebraic equations. There are many of the different methods that
make it into algebraic equations, including (Haar wavelet matrix method, Daubechies
wavelet matrix method, Chebyshev wavelet matrix method, Hermite wavelet matrix method,
Legendre wavelet matrix method, ...).
Therefore, in this chapter we will mainly apply the two- dimensional Legendre Wavelet
Matrix method (LWM). The aim of this method is to examine the accuracy and efficiency of

the wavelet method for solving fractional differential equations.

1. History of Wavelets
In the history of mathematics, wavelet analysis goes back to different origins, which were

developed in the past twenty to thirty years independently by scientists, and several works
were presented in the 1930.
Also, before 1930 the main branch of mathematic that leads to wavelets began with Joseph

Fourier in 1809, which was called the Fourier synthesis it is written in the following form:

[0e]

ap + Z (a,cosmx + by, sinmx)
m=1

Since a,,, b,, Fourier coefficients where,

1 2
a0 =5z | e
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Ay, = lfznf(x) cos(mx) dx
TJo

1 2T
b,, =— f(x)sin(mx) dx
TJo

Fourier’s theory played important role in developing the ideas of mathematicians.

In 1807, the convergence of Fourier series and orthogonality were explored. The first mention
to Haar wavelet appeared in 1909. On of their properties is that they have a compressed
support, which means that they disappear outside a limited time interval. Unfortunately,
continuous differentiation of Haar wavelet is not possible.

In 1930, physicist Pual Levy used a scale-varying basis function called the Haar basis
function investigated Brownian motion, a type of random signal. He found that the Haar basis
function was superior to Fourier basis functions in studying the small, complex details of
Brownian motion.

Also, in 1964 Calderon studied the theory of harmonic analysis. In 1960 -1980,
mathematicians discovered atoms using Guido Weiss and Ronald R. Coifman, in 1980,
both Grossman and Morlet defined wavelets broadly in context of quantum physics, and the
first to coin the term "wavelet" was the scientist Jean Morlet in 1983, who used wavelets in
seismic analysis.

We close this historical introduction by citing some of the applications which include
addressing problems in computer vision, turbulence, computer graphics, seismology, image

processing, signal processing.

2. Wavelets (Akujuobi, 2022) and (Ray & Gupta, 2018)

Wavelet Basic Function

Wavelets are functions generated from one basic function, the term “wavelet” was derived
from the French word ondelette, which means “small wave”. A wavelet is oscillatory
function ¢(t) € L? (R) with zero mean, and is symbolized by ¢(t), if it satisfies the

following conditions:

36



I.  Localization.
Il.  The admissibility condition

dw < o0,

J°° lpw)|?

o Wl

I1l.  Smoothness.

3. Wavelet Transform (Akujuobi, 2022) and (Ray & Gupta, 2018)
In 1982, the French scientist Jean Morlet, a geophysical engineer, first introduced the

concept of small wavelets as a family of function and called them the "mother wavelet” it is

also called “continuous wavelets” given as follows:

bup(t) = ! ¢(t_b),a.beR,a¢0 3.1)
' |al a

where,

a is called a scaling parameter that measures the degree of compression or scale.

b is a translation or shifting parameter that determines the location of the wavelet.

There are many applications for wavelet transform, and one of the most important and easiest
of these applications is the Alfréd Haar wavelet, which is most common wavelet in 1910

because it is easy to solve with and the Haar wavelet’s mother wavelet function ¢(t), we

given:
(1, o<t<=
2
o0 = i_l’ % < t<1
0, otherwise
Where ¢ (t) is the Haar wavelet orthonormal basic. Its scaling function ¢ (t), then we obtain
o(t) = {(1): o(zhgertwfsi
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Figer 3.1: The Haar Wavelet
This means that the wavelet changes its sign suddenly x = 0.5.
Also, one of the most important wavelets known after Haar wavelet is Mexican hat wavelet
it was named after Norman. H. Ricker (1896-1980) the Mexican hat wavelet was known as
the Ricker wavelet, an American geophysicist, and it is known as the Mexican hat wavelet,
especially in America, because its shape resembles a sombrero hat. They give Mexican hat

wavelet as follows:

o) = (1 - 962)6_sz

38



0.5

Amplitude

6 -4 -2 0
time

-0.5

[\
A
o))

Figer 3.2: The Mexican Hat Wavelet
Remark 3.1: (Akujuobi, 2022) and (Ray & Gupta, 2018)
leta = ap™, b = nbyay, ™", ay > 1,b, > 1, substituting into equation (3.1) we get “Discrete

wavelet” as:

i .
$ni(t) = lagl™2 P(ao't —nby)
The set wavelet ¢ ,,;(t) from on orthonormal basis L*(R). In particular, when a,= 2 and

bo= 1.

4. The Basic Properties of Wavelets (Akujuobi, 2022) and (Ray & Gupta,
2018)
The most important properties of wavelets are the admissibility and the regularity conditions

and these are the properties which gave wavelets their name.
The square integrable function ¢ (t) satisfying the admissibility condition,

J°° lpw)|?

—e Wl

dw < +0o (3.2)

can be used to first analyze and then reconstruct the signal without loss of formation. In the

equation (3.2), ¢ (w) is the Fourier Transform of ¢ (t) .The admissibility condition implies
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that the Fourier Transform of ¢ (t) vanishes at zero frequency, i.e.
|$(0)|> =0 (3.3)
A zero at the zero frequency also means that the average value of the wavelet in time domain

must be zero,

f ooqb(t) dt =0 (3.4)

Therefore, it must be oscillatory. That is ¢p(t) must be a wave.
Remark 3.2:

¢ (t) is n times differentiable and its derivatives are continuous and it is called (smoothness)

5. Orthonormal and Semi-Orthogonal Wavelets(Akujuobi, 2022) and
(Ray & Gupta, 2018)

Definition 3.1: (Orthonormal Wavelet)
Orthonormal wavelet plays a major role in wavelet theory and are called ¢ € I2(R)
Orthonormal, and the family of functions ¢, , resulting from the individual function is
created ¢, which is an Orthonormal basis, and we get

(Dijy Pmn) = Oim, s Lj,mn €L
Definition 3.2: (Semi-Orthogonal Wavelet)
Semi-Orthogonal wavelet ¢ € [2(R) is called Semi-Orthogonal if the family ¢, , check the
following condition:

(Pijy Pmn) = 0,i #m,i,j,mn €L
6. Shifted Legendre Polynomial and Legendre Wavelets
(Chang et al., 2016) ,(Mohammadi & Hosseini, 2011) and (Secer et al., 2019)
6.1.Shifted Legendre polynomial

Assuming that the Legendre polynomial of degree n are defend on the interval [—1,1]. Then

B, (t) may be following recurrence formulae

2n+1 n
P(t)———P, ,(t),n=1,2,.. 35
n+1tn() n+1n1(t)n (3.5)

Pn+1(t) =
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Definition 3.3:( Shifted Legendre Polynomial) (Chang et al., 2016), (Mohammadi &
Hosseini, 2011) and (Secer et al., 2019)

The Legendre polynomial on interval [0,1] is called shifted Legendre polynomial by using
the change of variable t = 2x — 1. Let suppose the shifted Legendre polynomial P,(2x — 1)

it is referred to as B, (x). That is,

Prii(x) = (2n +nl)+(21x — 1) Py(x) — %Pﬁ 1(x), wheren=1,2,. (3.6)
Or equivalently
+n (n + k)!
PiC) = Z D s & (37)

Remark 3.3:
Note that B, (0) = (—1)"and B, (1) = 1.

These polynomials are the orthogonality condition orthogonality property of shifted

Legendre polynomials

1

1
f P ()P (x)dx = {—Zn T nem (38)
0 0, n*Em

Proof:
As we explained previously in section (2.8) when n #m ,we can easily prove the
orthogonality property.

And when n =m, we get

1
P2 (x)dx =
fon(x)x 2n+ 1

From the generating function, by squaring both sides, we find that:

R ) ) AW EOT

n=0m=

by conducting integration on interval [0,1]

! dx & 1
J, =2 2 [ | P P dx] rm
0 n=0m=0 0

For the case n = m,one has, x = 2x — 1
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1
fo 1—2t(x ——) + t2 ’zf P*Z(x)dx] £2"

Letu=(x—;)=>du=dx:u=_—,u=l,weget

1 1+2t+t
- *2 2n
4tln (1 — 2t + t2 [Ef B (x)dx]t

From the Maclaurin expansion we find that,

1% 1
*2 2n
4t £ 2n+1 ZJOP" (x)dx|t

Equating coefficients of ¢2", we find

1
2n+1

1
f P:2(x)dx =
0
+ Relation Between Shifted Legendre and Their Derivatives

Theorem 3.1: (Mohammadi & Hosseini, 2011)
Let Py, (x) be the shifted Legendre polynomials on interval [0,1], then we get

m—1

P =2 ) @k-DR® (3.9)

k=0
k+m odd

Proof:
Suppose that the Legendre expansion of function v(x) by:

V(@) = ) 0P) (3.20)
k=0
Differentiating v(x) in equation (3.10), we get

co

v (x) = Z 5P, (x) (3.11)
k=0
where,
5@ = 2k + 1) Z 5. k>0
k= pr k= (3.12)
p=k+1
p+k odd
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Let v(x) = B, (x) in equation (3.10), we get ¥, = 1 and ¥; = 0 for j # m, itis

5@ = {(2k+1), m+kisodd k <m-1
ko 0, otherwise

Substituting the value of both v(x), 5" in equation (3.11), we get:

m=1

Pa)= ) @k+ DR (3.13)
k+’7(n=z())dd
By substituting x = (2t — 1) in equation (3.13), we get:
m—1
P =2 ) @k-DR®
k+lr(n=2dd

6.2.Legendre Wavelets (Secer et al., 2019)
As we mentioned previously, there is a large group of wavelet functions such as (Haar

wavelet, Legendre wavelet, ...) in this thesis, we will study the Legendre wavelet function
because of its regularity and clarity.

The Legendre wavelet ¢,,, ,(t) = ¢ (k, 7, m, t) have argument; k can assume any positive
integer, 7 = 2n — 1, m is order for Legendre polynomial and t is the normalized time,

defined on interval [0,1] as follows:

2% 1P* ok R ﬁ—1< <ﬁ+1
¢m,n(t): m+§ m( t—n),for 2 sts 2 (2.14)

0, otherwise

Wheren =1,2,...,(2k-1),k=23,.., m=0,1,..,M — 1 (M is fixed positive integer)

and |m +% is the orthonormality.

Remark 3.4:
Let parameter is a = 27% and the translation parameter is b = 7 27* from equation (3.1) we

get:
k [t—n27Fk
Gap(t) = 22¢ <ZT>

k
= 22¢(2%t — 7)

43



6.3.Function Approximations (Secer et al., 2019) and (Chang et al., 2016)
Any function y(t) which is square integrable and defined over [0,1] may be expended into

Legendre wavelet as:

y() = i i Wom$nm () (3.5)

n=0m=0
Where the coefficient wy, ,,, = (y(t), ¢, (t)) is inner product.

Truncating infinite series in equation (3.15), then it can be written as:

2k—1 M1

y(t) = Z Z W m®nm(®) = WT d(0) (3.16)

n=0 m=0

Were ®(t) is matric given by:

CD = [¢0,0, ¢0'1, ey ¢0,M' (1)1'0, ey d)Z,M' ey ¢2k_1'0, ey ¢2k—1,M] T (317)
And W is matric given by:

— T
W = [WO,OI WO,l' ...,W0,M, W1,0’ ey WZ,MI ey Wzk—l,O’ ey W2k—1,M] (318)
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Chapter Four

Numerical Solution of Fractional
Differential Equations Using Shifted
Legendre Wavelets



Introduction

In this chapter, we present a numerical analysis for solving fractional differential equations
using Legendre wavelet matrices. We rely on transforming the differential equation into a
linear system that can be easily and accurately solved. This chapter tests the proposed
methodology by solving a number of numerical exercises and comparing the obtained results
with the solutions. This comparison aims to evaluate the accuracy and efficiency of the
approach used and to demonstrate its superiority or compatibility with other methods. We
also highlight the key benefits of this method, particularly in simplifying numerical
operations, stabilizing solutions, and improving computation speed, which enhances its

applicability to various mathematical and physical problem.

1. Operational Matrix of Derivative and Fractional Derivative
In his section, we introduce a new Legendre wavelet operational matrix of fractional

derivative.
Theorem 4.1: (Mohammadi & Hosseini, 2011)
If ¢(t) is the Legendre wavelets function defined by equation (3.14) in section 3, then ¢ (t)

may be presented as,

d‘ZEt) = D¢(t), where D is 2X(M + 1) (4.1)
Z 0 .. 0
0 Z .. 0 “2)
D:
o 0 .. Z

Where Z isan (M + 1)(M + 1) matrix and its elements are represented as:

Zij

_ {2’”1\/(21' D@ —1),i=2,., (M+1),j=1,..,i—1and (i + ) odd *3)
0 , otherwise

Proof:
We use the shifted Legendre polynomial on interval [0,1], the rth element of

vector ¢(t) it is written in the following from:
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k+1 1
$r(0) = rm(®) =27 [m+- PL(2%t — ) xjn ne1pi = 1,..25(M + 1) (4.4)
2K 2k

Where X[n n+1] is the characteristic function defined by:

1 n n+1
nn+1={’ te[ﬁ' Zk]
2k’ 2k otherwise

andwherer=n(M+1)+(m+1),n=0,1,..,2k-1),m=0,1,2, .., M.

By differentiating equation (4.4) with respect to time t, we have

d t k+1 1
dzt( ) _ 27 |m+ —2k pr(2k¢ — n)x[n n+1 (4.5)

2K 2k
. . . . . +1 . .
This function is non-zero inside [=,22=|, hence its Legendre wavelets expansion only have
2k’ 2k

those elements of basis Legendre wavelets in ¢(t),that is ¢;,,i =n(M +1) + 1,n(M +
1)+ 2,...,n(M+ 1) + (M + 1). It gives the Legendre wavelet expansion in the form that :

(n+1)(M+1)
der () _
dt

b; i(t)
i=n(M+1)+1
From this, we find that the first row of the matrix Z in the equation is zero because2e t(t) 0.

This implies ¢Tt() 0. After that, we substitute P;/ (2%t —n) from equation (3.9) into

equation (4.5), and we get:

m-1

d t k+1 1
¢r(8) =272 |m+=2k z 2(2s = 1P (Zkt —N) Xfn n+1 (4.6)
dt 2 ~ [2 ' ]
s+m odd
Expanding this equation in Legendre wavelets basis we find that

depr (1) \
drt = 2/t z VQi= 1D = 1) dnmsn+io 4.7

j=1

i+]j odd

So, we say Z; ; is

I {2"*1\/(21' “DQj-1),i=2..,(M+1),j=1,..,i — 1and (i + ) odd
b 0 , otherwise
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For example,

We analyze row by row, the first row:

When i = 0 (there are no values for j), itis Z; ; = 0 (for all values of j)

The second row:

wheni = 1,j = 0 (because j must be less than i); from equation (4.3), where (k = 1,M =
2) we find that:

Z10=22xJ(2x2-1D(2x1-1)=4V3
The rest of the values are zeros.
The third row:
when (i = 2,j = 1) from equation (4.3), where (k = 1) we find that:

7,122 x,\/(2x3-1(2x2-1) =4V15
The rest of the values are zeros.

We get the following matrix:

0 0 0
Z=14v3 0 0]
0 4V15 0

2. Normalized Shifted Legendre Operational Matrix of Fractional Order
Derivative

Theorem 4.2: (Chang et al., 2016)
Let ¢(x) be the normalized shifted Legendre polynomials, the fractional derivative of
order « of the vector ¢p(x) can be expressed by:

Dep(t) = DWo(t) (4.8)
Where D@®is the (M + 1)(M + 1) operational matrix of fractional derivative of order a

defined as:
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0

D@ —

Where 6, ; . is presented by:

01,jk

- -
Z 00k Z 01k
k=[a] k=[a]

0 0

[a] [a]
Z Oa1,0,k Z Olal 1k
k=[] k=[a]

. . . . P . .
Z Gm,o,k Z Qm,l,k oo Z Qm,m,k
| k=[a] k=[a] ] E

k=[a

(=D)L G+ )L+ )]

(4.9)

J
_ 5 )
V2i+ 125 + ;(i+k)!k!l“

Where i is the row and j is the column.

Proof:

Using p;(x) = /2j + 1P/ (x), from equation (1.14) and (3.7), we get

Depy(x) = mkzo (DR

(i +k)!
i — k)l (kD)2

Where D%x* from Caputo’s definition, it is as follows:

pagk — T+ D)

[
D%%;(x) =V2i+1

“Thk+l-a) " Th+l-a)

k! —ar

] .
S (—DRH( ! xke

k:o(i_k)!(k!)r(k—a+1)’ i =[a], ..
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k—a+DG-D'UN2k+1—a+1)
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Approximating x*~¢ by (m + 1) term of normalized shifted Legendre polynomial, we get

=) by () (4.11)
=0

s :f o @)dx _‘/ZJTZ S ]J;)l)(ll)z f xk=a* dx

(=1)* (G + D!
=vatl Z(] DAk —a + 1+ 1) (4.12)
Utilizing equations (4.10) and (4.12), we get

D%p;(x)

L m _k+i(q
- Z \/2i+1\/2j+1z(i _( D+ k). bre 10 (x)
—Ta j=0

) (kDT(k —a + 1)

=i zi:@i'j,k p;(x) (4.13)

j=0 \k=[a]
where 6; ;  is given in (4.9). equation (4.9) can be rewritten in vector from, we get

i i i

D%p;(x) = z 00k z Oi1ky e Z Oimp | Px) (4.14)

k=[a] k=[a] k=[a]

3. Solving Linear Fractional Differential Equations (Secer et al., 2019)

We will apply the Legendre wavelet operator matrix (LWOM) to the fractional derivative to
solve linear fractional differential equations given as,
D%y (t) = ugD*oy(t) + -+ + up—1 (O D=1y (t) + we Oy () + f(0) (4.15)

with initial conditions

dy d?y n-ly
E(to) = %»F(to) =Yoo et (to) = Yn-1 (4.16)

Where D“denotes the Caputo fractional derivative of order a and u,(t), u; (t),..., u,(t) are

y(to) = Yo,

functionsand 0 < pg < g < =+ < Up—1 < Q.
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First approximate y(t), f(t) and uy(t), u (t), ..., u,(t) by the Legendre wavelets, we have

2k—1 M
y(t) = Z 2 Wn,md’n,m = WT(D(t) (4.17)
n=0 m=0
Where W and ® are 2¥(M + 1) x 1 matrices given by

W

T
= |:W0,0, WO,l’ ey WO,M' Wl,Ol W1,1, ey Wl,M’ ey W(Zk—l),O’ W(Zk—l),l' ey W(Zk—l),M]

@ (t)

T
= [¢0,01 ¢0,11 ey ¢0,M' ¢1,0' d)l,ll ey ¢1,M' ey ¢(2k—1),0' ¢(2k—1),1' L ¢(2k—1),M]
We find ¢, the is found using the equation (3.10), we get:

Let k = 0,n = 0 and m = 0,we have

0+1

1 1
Poo =272 0+§P5(2°t—0) =22V2x1=1

Letk = 0,n = 0 and m = 1,we have

0+1 1 1 3
¢0,1=22/1+5Pf(2°t—0)=22x\/;xt=\/§t

0+1 1 1 3
$r0=22 /1 +§P1*(2°t—1)=Pf(20t—1)><22><\/;=\/§(t—1)

And similarly for other functions ¢,, ,,,.
Kowing that for k = 0,n = 0, we have
For m = 0, one has.

P;(2°t —0) = P;(t) = 1.

For m = 1, one has.

Pr(2°t—0) = P/(t) = t.
Whenk=0,n=1and m=1
PPR%t—1D)=P/(t—-1)=t—-1
Also,
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2k_1 M

FO= " fumbum = FT00) @.18)
n=0 m=0
Where F and ® are 2¥(M + 1) x 1 vectors given by

(1)
T
= [d)0,0J ¢0,1; ey ¢0,M! ¢1,0' d)l,l' ey ¢1,M' ey ¢(2k—1),0' ¢(2k—1)_1' e ¢(2k—1),M]

T
F= [fo,o»fo,p s Jos fro0 f1,00 o0 fims -"'f(zk—1),0'f(2k—1),1' ---»f(zk_1),M]
And

2k—1 M

u;(t) = Z Z UinmPnm = U] ©(2),

n=0 m=0
Where y(t) is unknown function , f(t) is source function or external force and
F and U;(i = 0,1, ... k) are known vectors, ®(t)is the vector given in equation (3.10) and

W is an unknown vector. We use equations (4.8) and (4.17), to obtain

Dy(t) = WT D®(t) = WT D@d(t) (4.19)
Where, DHiy(t) = DHoy(t), ..., D*e-1y(t) we get by
DHiy(t) = WT DHid(t) = WT DWId(t),i = 0,1, ..., (k — 1) (4.20)

Substituting equations. (4.17) and (4.20) into equation (4.15), we find that
WTD@d(t) = [UF )] [WT DRod(t)] + -+ + [UF_; ()] [WT DHe-1d(t)] +
[Ug@OIWT DHed ()] + [Ui 1 P(OIFT (0]
The residual R(t) can be expressed,
R() = WTD@Wa(t) — [(UF (&) (WT DHodd(t))] — -

- [(U,Z_lcb(t))(wT D“k—lcb(t))] (4.21)

— [(UFo@)WT D@ (t))] = [(Uie1 P (FT@(¢))]
Where R(t) it is the residual and expresses the error resulting from the approximation.

Thus, we obtain 2¥(M + 1) — n linear equations by using the following condition,

(R(t), ps(2)) = fl(,bs(t)R(t)dt =0,5s=0,..,2(M+1)—n (4.22)
0

If we replace the equation (4.17) in equation (4.16), we find that
dy
y(te) = WT d(to) = J’O:E(to) =WT"D¢(to) =y
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2y d"y
W (to) = wT D2¢(to) =Y 'W (to) = wT D(n)(f)(to) =n (4.23)
y(t) can be found from equation (4.16) and from equation (4.22) and (4.23), these linear

equations can be solved for unknown coefficients of the vector /.

4. Numerical Results and Discussion
Example 1:(Secer et al., 2019)

consider the following linear initial values problem that consists the fractional differential

equations
5 3 1
4(t + 1)Dzy(t) + 4D2y(t) + t) =+t+ 4.24
( )D2y(t) y(t) my() Vi+m (4.24)
And the initial conditions,
dx Jr
y(0) = \/E,E(O) =—y() = 21

Where the exact solution of this problem is given as
y(©) =t +1)
Solution:
First, the matrices D,D3/?and D5/?> are derived mathematically, and subsequently
incorporated into the operational framework to determine the numerical solution.
When M = 3and k = 0, We find D the matrix D is found by the theorem in (4.1)

Where order « =1 . Hence the first row is zero because a =1 and Z;; =

2k*1/(2i —1)(2j — 1) , i isrow and j is column if Z; ; = zero,i > j.
When k = 0 find that:

Zyy =22J(2x2-1)2x1-1)=2V3x1=2V3

Z3, =28/2x3-1)2x2—1) =2V5x3 =2V15

Zys =22 x4-1)(2x3-1)=2V7x5=2V35

Zss=2J(2x5-1)2%x4-1)=2V9 x7 =2V63
“And the rest of the elements of the matrix are zeros, as demonstrated the theorem in (4.1)”,

we get:
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[0 0 0 0 0]
|2v3 0 0 0 Of
D=0 2v15 o0 0 0
0 0 2V35 0 0

Based on Theorem (4.2), we proceed to derive the fractional matrix of order 3/2.

0 0 0
0 0 Coe 0
[a] [a] []
Zk:[a] H[a],o,k 2k=[a] e[a],l,k o Zk:[a] Q[a],m,k
D@ — . . o
ket Oiok  Thke@Bire - - - Zheia]Oimk
_222[04 em,O,k Z;;nz[a] em,l,k o Z;;nz[a] Hm,m,k d

Where 6, ; . is presented by:

j L
- . (=)™ @+ k)L + )]
Oij = V2i+1/2j + 1; (—)kTk—a+1DG-D!'IN2(k+1—a+1)

Where i row, j column and k = «a is integer, « order Caputo derivative. When M = 3 and
D3/ we find:

“The first rows of the matrix are zeros since the order of the matrix is 2; therefore, both the
First and second rows are zero”

Now,wheni=2,j=0,l =0,k = 2and a = 3/2, we get

92,0,2

0 (—1)2+0+2+0(2 4 2)1(0 + 0)!

z=0(2—2)!2!r(2—%+1)(0—0)!(0!)2(2+0—%+ 1)

=V2x2+1V2x0+1

(—1)* x 4! 16V5
_ 5 _
@@ "
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Now,wheni =2,j =1,k =2and a = 3/2, we get
First when [ = 0, we find
(—1)21+2+0(2 + 2)1 (1 + 0)!

012 =V2Xx2+1V2x1+1

(2—2)!2!r(2—%+1)(1—0)!(0!)2(2+0—%+1)
i3 41 x 1! :—16\/3\@
aa@x@

Second when [ = 1, we find

(=124 (2 + 2)1 (1 + 1)!
3

(2—2)!2!r(2—§+1)(1—1)!(1!)2(2+1—%+1)

41 x 2! _ 96V5V3

@)

=V2x2+1V2x1+1

—V5V3

From [ = 0and [ = 1,we obtain,

5 —16V5V3 . 96153 _ 16v/5v3

X
5 Vi 5Vm 5Vm
Now, wheni =2,j =2,k =2 and a = 3/2, we get

First when [ = 0, we find

(—1)2¥2+2+0(2 4 2)1(2 4 0)!

(2—2)!2!r(2—%+1)(2—0)!(0!)2(2+0—%+1)

0222 =V2X2+1V2x2+1

_ JEVE 4! x 2! _

2!xr(%)x2!x(%)
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Second when Il = 1, we find
(—1)2+2+2+1(2 1 )1 (2 + 1)!

=V2x2+1V2x2+1

@-i2r(2-g+1)@- D1y (z+1-3+1)
Y 4!>3<3! 5:_288
2xr(z)x(z) VT
Third when [ = 2, we find
=V2x2+1VZx2+1 (—1)23+2+2+2(2+2)!(2+2)! :
@-2i2r(2-3+1)@-21@ (2+2-5+1)
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41 x 4! _ 1440

21 x r(%) x (21) x (%) Nm

Froml=0,l=1and ! = 2, we obtain,
1440 7 80 7 -—-288 -—16
——t—X—=—=X = —
N 7 Nm 7 Nm TWm
Now, wheni =2,j =3,k =2and a = 3/2, we get

NG

First when ! = 0, we find
(—1)2¥3+240(2 + 2)! 3 + 0)!

0232, =V2Xx2+1V2x3+1

(2—2)!21r(2—%+1)(3—0)!(0!)2(2+0—%+ 1)
B 41 x 3! _ —16v5V7
2!xr(%)x3!x(%) vr
Second when [ = 1, we find
=V2x2+1V2x3+1 D"+ NG+ D!
(2—2)!2!r(2—%+ 1)(3—1)!(1!)2(2+1—%+1)
_ B 41 41 _ 576V5V7
axr(3)xzx(3) 5V
Third when [ = 2, we find
=V2x2+1V2x3+1 D"+ 2N G+ 2)!
(2—2)!2!r(2—%+ 1)(3—2)!(2!)2(2+2—%+1)
B 41 x 5! _ —1440V57
21 r(%) X (21)2 X (%) TV
Fourth when [ = 3, we find
V2x2+1W2x3+1 D"+ 291G +3)!
(2—2)!2!r(2—%+1)(3—3)!(3!)2(2+3—%+1)
_ 5 41 % 6! _320V5V7
2! xr(%)x(m)z x(%) 3vm
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Froml{=0,l=1,]l=2and!l = 3, we obtain,

VSV7(105 0 7x3 576  3x5 1440 7x5 320) 16V5V7
vz L105 7x3" 5 3x5° 7 7x5° 31 105vw
Now,wheni =2,j =4,k =2 and a = 3/2, we get

First when [ = 0, we find

_1)2+4+2+0(2 4 2)1 (4 + 0)!
924,2=\/2><2+1\/2><4+1 =D ( ) ( )

3 3
(2—2)!2!r(2—7+1)(4—0)!(0!)2(2+0—7+1)
_ 16V5v9
- Vn
Second when [ = 1, we find
—1)2+421(2 + 2)1 (4 + 1)!
=V2x2+1V2x4+1 ( )3 ( ¢ ) 3
(2—2)!2!F(2—7+1)(4—1)!(1!)2(2+1—7+1)
_ —192v5V9
R
Third when [ = 2, we find
—1)2t4*+2+2(2 + 2)!1 (4 + 2)!
=V2x2+1V2x4+1 ( )3 ( ) ) 3
(2—2)!2!r(2—7+1)(4—2)!(2!)2(2+2—§+1)
_ 4320v5V9
=
Fourth when [ = 3, we find
—1)2H4H23(2 + 2)1 (4 + 3)!
=V2x2+1V2x4+1 ( )3 ( ) ) 3
(2—2)!2!r(2—7+1)(4—3)!(3!)2(2+3—7+1)
_ —2240V5\9
- Vr
Fifth when [ = 4, we find
—1)2+442%4(2 4 2)1 (4 + 4)!
=V2x2+1V2x4+1 ( )3 ( ) ) 3
(2—2)!2!r(2—7+1)(4—4)!(41)2(2+4—7+1)
_ 3360v5V9
11w
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Froml=0,l=1,1=2,1l=3and!l = 4, we obtain,
16V5V9  192vV5v9  4320V5V9  2240v5V9  3360V5V9  26v5v9
N N TN A TIN
Now,wheni =3,j =0,k =2,a =3/2and [ = 0, we get
(—1)3+0+2+0(3 + 2)1 (0 + 0)!

0302, =V2X3+1V2Xx0+1

3 3
G-2121T(2-5+1) (0-0)1 (0N (2+0—5+1)
5! —80V7
:_ﬁzv r(2 3\~ Vm
$ X (i)x(i)
Now,wheni =3,j =0,k =2and a = 3/2, we get:
First when [ = 0, we find
—1)3+142+0(3 4 2)1(1 + 0)!
051, =V2XxX3+1V2x1+1 ( )3 ( ! ) 3
(3—2)!2!r(2—7+1)(1—0)!(0!)2(2+0—7+1)
5! 80vV7V3
T
2% (3) % (3)
Second when [ = 1, we find
—1)3+1+2+1(3 1 2)1 (1 + 1)!
=V2x3+1V2x1+1 ( )3 ( ¢ ) 3
(3—2)!2!F(2—7+1)(1—1)!(1!)2(2+1—§+1)
5! % 2! —96\7/3
T
20xT(3) % (3)
Froml =0 and [ = 1, we obtain,
80V7V3 96V7V3  —16V7v3
Vr N
Now,wheni =3,j =2,k =2and a = 3/2, we get
First when [ = 0, we find
—1)3+2+2+0(3 + 2)1(2 + 0)!
O5,, =V2XxX3+1V2x2+1 ( )3 ( ! ) 3
(3—2)!2!r(2—7+1)(2—0)!(0!)2(2+0—7+1)
51 % 2! —80v7+/5
—VE—— AL
T
2!><r(7)><2!><(7)

57



Second when !l = 1, we find
(—1)3+2+2+1(3 + 2)1 (2 + 1)!

=V2x3+1V2x2+1

(3—2)!2!r(2—%+1)(2—1)!(11)2(2+1—%+1)
_ VR 53!><3! : =288\/7\/§
21xT(5)x 21x (3) v
Third when [ = 2, we find
=V2x3+1V2x2+1 (_1)?2+2+2(3+2)!(2+2)! .
(3—2)!2!r(2—7+1)(2—2)!(2!)2(2+2—§+1)
__E 53!><4! i _ —1440V7V5
21xT(3) x4 % (3) Nr

Froml=0,l=1and!l = 2, we obtain,

7 —80V7V5 7 288V7V5  1440V7V5 _ 16vV7v/5

X +-X
77 Vm 7T m W Wr
Now, wheni =3,j =3,k =2and a = 3/2, we get

First when [ = 0, we find

033, =V2x3+1V2x3+1 =1 ( ) ( )

(3—2)!2!r(2—%+1)(3—0)!(01)2(2+0—%+1)
5 x 3! 560
N =
’ 72!><F(%)x3!x(%) Vi

Second when ! = 1, we find
(—1)3*3*241(3 + 2)1 (3 + 1)!

=vV2x3+1V2x3+1

(3—2)!2!r(2—%+1)(3—1)!(1!)2(2+1—%+1)
s 53!><4! 5=—4032
2!><r(7)><2!><(7) vr
Third when [ = 2, we find
= V2x3+1VZx3+1 (_1);+3+2+2(3 23 +2)! .
(3—2)!2!r(2—§+1)(3—2)!(2!)2(2+2—7+1)
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5! x 5! =7200
Z!XF(%)XALX(Z) Vi

Fourth when [ = 3, we find

(—1)3+3+2+3(3 + 2)1 (3 + 3)!
3 —2)!2!r(2—%+ 1)(3 —3)1(3N?2 (2+ 3—%+ 1)

5! x 6! —11200
— NG -

3 9 3T
21 x F(i) x (312 x (7)
Froml=0,l=1,l=2and ! = 3, we obtain,
3 560 3 4032 3 7200 11200 -16

X——=X——+ =X - =

3 Vv 3 Vm 3 Jm  3Wm  3n
0 0 0 0

0 0 0 0

16V5 16V5V3 -16  16V5V7

N3 5V 7Vr 105w
-80vV7 -16V7V3 16V7V/5 —16

Vi Vr Vm 3Vm

Now, when the matrix is D%/?then k = 3 and the rows is equal to zeros.

=vV2x3+1V2x3+1

D3/2 —

Now,wheni =3, =0,k=3,l=0and a =5/2, we get

(—1)3+0+3+0(3 + 3)1 (0 + 0)!

(3—3)!3!r(3—%+1)(0—0)!(0!)2(3+0—%+1)

0303 =V2Xx3+1V2x0+1

6! 1607
— 7 _
@)

Now,wheni =3,j =1,k =3and a =5/2, we get:
First when [ = 0, we find
(—1)3+14340(3 + 3)I (1 + 0)!

0513 =V2Xx3+1V2x1+1

(3—3)!3!r(3—%+1)(1—0)!(0!)2 (3+0—%+1)
6! —160V7V3
= V73 =
Tea@eg ¢

Second when [ = 1, we find
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(—=1)3+1+3+1(3 4 3)1 (1 + 1)!

(3—3)!3!r(3—%+1)(1—1)!(1!)2(3+1—%+1)

=V2x3+1V2x1+1

6!x2! 19273

@ ®

—V7V3

From [ = 0and [ = 1, we obtain,
192v7V3  160V7V3  32V7V3

v v v
Now, wheni =3,j =2,k =3and a =5/2, we get

First when [ = 0, we find

(—=1)3+2+3+0(3 4 3)1 (2 + 0)!

03,5 =V2Xx3+1V2x2+1

(3—3)!3!r(3—%+1)(2—0)!(0!)2(3+0—%+1)
_VE 36! X 2! - 160V7+/5
31T (5) x @1 x (3) v
Second when [ = 1, we find
=V2x3+1V2x2+1 (_1)35+2+3+1(3+3)!(2+1)! :
(3—3)!3!r(3—7+ 1)(2—1)!(1!)2(3+1—§+1)
R 6!>3<3! : :—576\/7\/§
31xT(3) % (3) vr
Third when [ = 2, we find
=V2x3+1VZx2+1 (_1);+2+3+2(3+3)!(2+2)! :
(3—3)!3!r(3—§+ 1)(2—2)!(2!)2(3+2—§+1)
R 36! X 4! - 2880v/7+/5
31xT(3) x (202 x (3) TN

From!l=0,l = 1and [l = 2, we obtain,

7, 160V7V5 7 576V7V5  2880V7VS _ —32V7V5

X
7 Vi 7 Vi 7Nm AV
Now, wheni =3,j =3,k =3and a =5/2, we get

First when ! = 0, we find

60



Now, wheni =3,j =3,k =3and a = 5/2, we get
First when [ = 0, we find
(—=1)3*3+3+0(3 + 3)!1 (3 + 0)!

0335 =V2x3+1V2x3+1

(3—3)!3!r(3—%+1)(3—0)!(0!)2(3+0—%+1)
6! x 31 ~1120
- VT _
’ 73!><F(%)x(3)!><(%) Vi

Second when !l = 1, we find

=V2x3+1V2x3+1 (=1)3*3+3*1(3 + 3)1 (3 + 1)!

5 5
(3—3)!3!r(3—7+1)(3—1)!(1!)2(3+1—7+1)
6! X 4! 8064
N . =
Vs
31T (5) x @1 x (3)
Third when [ = 2, we find
—1)3+3+3%2(3 + 3)1 (3 + 2)!
=V2x3+1V2x3+1 ( )5 ( ) ) z
(3—3)!3!r(3—§+1)(3—2)!(2!)2(3+2—7+1)
6! X 5! —14400
N - =
31xT(35) x 22 x () Vi
Fourth when [ = 3, we find
—1)3+3+3+3(3 + 3)1 (3 + 3)!
=V2x3+1V2x3+1 ( )5 ( M ) =
(3—3)!3!r(3—7+1)(3—3)!(3!)2(3+3—7+1)
6! X 6! 22400
N - o=
3! X 1“(7) X (32 x (7) 3Vm
Froml=0,l=1,l =2and!l = 3, we obtain,
3 —1120 3 8064 3 14400 22400 32
=X +oX——=X + =
3 Vm 3 Vm 3 m @ 3mr  3Vm
Now, wheni =4,j =0,k =3,l=0and a =5/2, we get
—1)4+0+3+0(4 4 3)1(0 + 0)!
0403 =V2x4+1V2x0+1 ( )5 (4310 +0) S
(4—3)!3!r(3—7+1)(0—0)!(0!)2(3+0—7+1)
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_ —3360

L
0 0 0 0
0 0 0 0 ]
ps/2—| 0 0 0 0

1607 32V7V/3 -32V7V/5 32
Vr V1 TVr 3Vr

Table 4.1: Comparison Between the Exact Solution y(t) and the Approximate Solution

Yiwomm(t) for M =3

t Exact Solution Approximate Solution Absolute error
0.0 1.77245385 1.77245337 4.8035e-07
0.1 1.85896528 1.85955549 0.0005902073
0.2 1.94162591 1.94264834 0.0010224288
0.3 2.02090832 2.02209502 0.0011866994
0.4 2.09719568 2.09825863 0.0010629481
0.5 2.17080376 2.17150225 0.0006984865
0.6 2.24199649 2.24218899 0.0001925007
0.7 2.31099708 2.31068193 0.0003151486
0.8 2.37799638 2.37734418 0.0006521962
0.9 2.44315903 2.44253883 0.0006201987
1.0 2.50662827 2.50662897 6.9768e-07
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Figure 4.1: Absolute Error Between Exact and Approximate Solutions for Equation
(4.24)at M = 3

2.6 T T T T T T T T T

Exact Solution
25 - ©- - Approximate Solution | &

1,? 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 4.1: comparison Between Exact and the Approximate Solutions Using the

Fractional Legendre Wavelet Operational Matrix for M = 3

63



When M = 4 and k = 0, we get

Now,wheni =3,j =4,k =2and a = 3/2, we get

First when [ = 0, we find

(—1)3*+4+240(3 4 2)1 (4 + 0)!

0342 =V2Xx3+1V2x4+1

(3—2)!21r(2—%+1)(4—0)!(0!)2(2+0—%+ 1)
—80V7/9
R
Second when [ = 1, we find
=V2X3+1V2Zx4+1 (_1);+4+2+1(3+2)!(4+1)! -
(3—2)!2!r(2—7+ 1)(4—1)!(1!)2(2+1—§+1)
960v/7/9
===
Third when [ = 2, we find
=V2X3+1V2x4+1 (_1);+4+2+2(3+2)!(4+2)! :
(3—2)!2!r(2—7+ 1)(4—2)!(2!)2(2+2—§+1)
—21600v7v/9
R
Fourth when [ = 3, we find
=V2X3+1V2Zx4+1 (_1)33+4+2+3(3+2)!(4+3)! :
(3—2)!2!r(2—7+ 1)(4—3)!(3!)2(2+3—§+1)
11200v7+/9
T 3z
Fifth when [ = 4, we find
=V2x3+1VZx4+1 (_1);+4+2+4(3+2)!(4+4)! -
(3—2)!2!r(2—7+ 1)(4—4)!(4!)2(2+4—7+1)
—16800V7+/9
T 1w

Froml=0,l=1,l=2,1l=3 and [ = 4, we obtain,
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—80V7V9  960V7v9  21600V7+/9 11200V7V9  16800v7v9  80v7/9
Jr  vr e e 1 231vx
Now, wheni=4,j =0,k =2,l=0and a = 3/2, we get
(—1)**0*2+0(4 4+ 2)1(0 + 0)!

0402 =V2X4+1V2x0+1

(4—2)!2!r(2—%+ 1)(0—0)!(0!)2 (2+0—%+ 1)
2409
T Vm
Now,wheni =4,j=1,k=2and a = 3/2, we get
First when [ = 0, we find
0u1,=V2XA+1V2ZX1+1 (_1);+1+2+0(4 T2+ o
(4—2)!2!r(2—7+1)(1—0)!(0!)2 (2+0—%+ 1)
—240+/3/9
=
Second when | = 1, we find
041, =V2X4+1VZX1+1 (_1)?”2“(4 LR
(4—2)!2!r(2—7+ 1) (1 - 11 (11?2 (2+ 1—%+ 1)
288+/3v9
==
Froml = 0and ! = 1, we obtain,
—240v/3V/9 288v3V9 48v3V9
NN N
Now, wheni =4,j =2,k =2and a = 3/2, we get
First when [ = 0, we find
0urs =VZX4+1V2ZX2+1 (_1);+2+2+0(4 +2)!2+0) 2
(4—2)!2!r(2—7+1)(2—0)!(0!)2 (2+0—7+1)
_ 240v5V9

Vi

65



Second when !l = 1, we find
(—1D*+2+2+1(4 + 2)1 (2 + 1)!

=V2x4+1V2x2+1

(4—2)!2!r(2—%+1)(2—1)!(11)2(2+1—%+1)
_ —864v5v9
- Vm

Third when [ = 2, we find
(=1)**+242+2(4 + 2)1 (2 + 2)!
(4—2)!2!r(2——+ 1)(2 —2)1(2)? (2+2—§+ 1)

2
_ 4320v5V9
S

=V2x4+1V2x2+1

From!l =0,l =1and ! = 2, we obtain,
240V5V9  864V5V9 | 4320v5V9 _ —48V59
Vi N 7N 7m
Now,wheni =4,j =3,k =2and a = 3/2, we get

First when [ = 0, we find

(—1)*3+2+0(4 4 2)1 (3 + 0)!

0432 =V2X4+1W2x3+1

(4—2)!2!r(2—%+ 1)(3—0)!(0!)2(2+0—%+ 1)
_ —240v7V9

Vi

Second when !l = 1, we find
(=1)*+3+2+1(4 + 2)!1 (3 + 1)!

=V2x4+1V2x3+1

(4—2)!2!r(2——+1)(3—1)'(1')2(2+1—%+1)
_ 1728V79
R

Third when [ = 2, we find
(=1)4+3%2+2(4 4+ 2)! (3 + 2)!

=V2x4+1V2x3+1

(4—2)!2!r(2—%+ 1)(3 —2)1(21)?2 (2+2—%+ 1)
_ —21600V7\9
B 7T

66



Fourth when [ = 3, we find

(—1)*3+2+3(4 + 2)1 (3 + 3)!

@—zymr@—%+¢)8—3ﬂ@0%2+3—%+ﬂ

_ 1600V7+/9
W

Froml=0,l=1,l =2 and ! = 3, we obtain,

=V2x4+1V2x3+1

—240V7V9  1728V7V9  21600v7v9  1600vV7V9 1679
R R G
Now, wheni =4,j =4,k =2and a = 3/2, we get
First when [ = 0, we find
(—D)***240(4 + 2)1 (4 + 0)!

042 =V2X4+1V2Xx4+1

m—2ﬂmr@—%+¢)@—oym042+o—%+Q
2160
T r
Second when [ = 1, we find
= VZX AT IVZX A1 (_D:HH+%4+2M(4+1N '
@-212T(2-5+1) 4 -1 (a2 (2+1-5+1)
—25920
R
Third when [ = 2, we find
—VIXA+IVZX4+1 (‘1);+4+2+2(4+2)!(4+2)! :
4-212T(2-5+1) (4-2)1@n? (2+2-5+1)
583200
-
Fourth when [ = 3, we find
= V2X A+ IVZIXAF1 (_D:MH£%4+2N(4+3” '
@-212T(2-5+1)(4-3)1(3N2 (2+3-5+1)
—100800
-—
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Fifth when [ = 4, we find

=V2x4+1V2x4+1 (D@ + 2+ B!
(4—2)!2!r(2—%+ 1)(4—4)!(41)2 (2+4—%+1)
453600
T 1vn
Froml=0,l=1,1l=2,l =3 and [ = 4, we obtain,
2160 25920 583200 100800 453600 —720
NN N AN ST S N
-0 0 0 0 0
0 0 0 0 0
16vV5 1653 -16  16V5V7 26V59
Vi 5Vm 7Vn 105v®  231Vm
D =|_gov7 —-16v7v3 16v7VE  —16  80VOV7
Vr Vr v 3ve  231Vm
240Y9 48V9V3 —-48V9V5 16V9V7 720
Vr Vr A 7w 77Vm |
Now, wheni =3,j =4,k =3 and a =5/2, we get,
First when [ = 0, we find
0343 =V2X3+1V2ZX4+1 (_1)?4+3+0(3 O :
(3—3)!31r(3—7+1)(4—0)!(0!)2 (3+0—7+1)
16079
TV
Second when ! = 1, we find
—V2X3+1V2Zx4+1 (_1)?4+3+1(3+3)!(4+1)! :
(3—3)!3!r(3—§+ 1)(4—1)!(11)2 (3+ 1—7+1)
—~1920v7 V9
-
Third when [ = 2, we find
=V2x3+1V2Zx4+1 (CD)TEE 4 3 A+ 2)
(3—3)!3!r(3—%+ 1)(4—2)!(2!)2 (3+2—%+1)
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43200779
= ~
Fourth when [ = 3, we find

(—1)3*+4+3+3(3 + 3)1 (4 + 3)!

(3—3)!3!r(3—%+1)(4—3)!(3!)2(3+3—%+1)

_ —22400vV7+/9
B 3w

=V2x3+1V2x4+1

Fifth when [ = 4, we find

(=1)3*+4+3+4(3 + 3)1 (4 + 4)!

(3—3)!3!r(3—%+1)(4—4)!(41)2(3+4—§+1)

2
_33600V7 V9
 11rm
Froml=0,l=1,l =2,l =3 and ! = 4, we obtain,

160v/7v9  1920V7+O  43200v7+9  22400V7v9  33600v7 /9
& N= | wm | 3 1ivm
—~160v/7 /9
-
Now, wheni=4,j =0,k=3,l=0and a =5/2, we get

(—1)4+0+3+0(4 4 3)1 (0 + 0)!

(4—3)!3!r(3—%+1)(0—0)!(0!)2(3+0—%+ 1)

=V2x3+1V2x4+1

0403 =V2X4+1V2x0+1

_ —3360
- Vr
Now, wheni=4,j =1,k =3and a =5/2, we get

First when [ = 0, we find

(—1)*+1+3+0(4 4+ 3)1 (1 + 0)!

(4—3)!3!r(3—%+1)(1—0)!(0!)2(3+0—§+1)

_ 1120v3+9
=

0413 =V2x4+1V2x1+1
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Second when !l = 1, we find
(—1)* 13414 4+ 3)1 (1 + 1)!

=V2x4+1V2x1+1

5 5
(4—3)!3!r(3—7+ 1)(1—1)!(1!)2(3+1—7+1)
_ —1344y34/9
- Vr
From [ = 0and [ = 1, we obtain,
1120vV3V9 1344319  —224v3V9
Vi N
Now,wheni =4,j =2,k =3and a =5/2, we get
First when [ = 0, we find
—1)**+2340(4 + 3)1(2 + 0)!
0423 =V2X4+1V2x2+1 ( )5 ( ) ) =
(4—3)!3!r(3—7+ 1)(2—0)!(0!)2(3+0—7+ 1)
_ —1120v5+9
- Vr
Second when [ = 1, we find
=V2x4+1V2x2+1 (CHTETE e+ D)
- 5 5
(4—3)!3!r(3—7+ 1)(2—1)!(1!)2(3+1—7+1)
_ 4032v5+9
- Vm
Third when [ = 2, we find
=V2x4+1V2x2+1 (DTG 432+ 2)!
- 5 5
(4—3)!3!r(3—7+ 1)(2—2)!(2!)2(3+1—7+1)
_ —2880v5+9
- Vr

From (= 0,l = 1and [ = 2, we obtain,

—1120v5v9  4032V5+9  2880v5+v9 _ 32V5+9
Vv v Vi m
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Now, wheni =4,j =3,k =3 and a =5/2, we get:

First when { = 0, we find

0433 =V2xX4+1V2x3+1

Second when I = 1, we find

(—1)**3+3+0(4 + 3)1 (3 + 0)!

5

(4—3)!3!r(3—7+1)(3—0)!(0!)2(3+0—§+1)

_ 1120v7 9
=

(—1)+3+3+1(4 4 3)1 (3 + 1)!

=V2x4+1V2x3+1

(4—3)!3!r(3—%+ 1)(3—1)!(1!)2(3+1—%+1)
_ —8064v7 V9
- Vi
Third when [ = 2, we find
_1)\4+3+3+2
=V2Xx4+1V2x3+1 ( 1)5 @+3e+2) z
(4—3)!3!r(3—§+ 1)(3—2)!(2!)2(3+2—7+1)
_ 14400v7 V9
B Vr
Fourth when [ = 3, we find
_1)4+3+3+3
=V2x4+1V2x3+1 ( 1)5 (#4313 +3) =
(4—3)!3!F(3—7+ 1)(3—3)!(3!)2(3+3—7+1)
_ —22400vV7 /9
—
_ 4+43+3+1
=V2x4+1V2x3+1 ( 1)5 (@+3)IG+ =
(4—3)!3!r(3—7+ 1)(3—1)!(1!)2(3+1—7+1)
_ —8064v7+9
B Vr
Third when [ = 2, we find
_ 4434342
=V2x4+1V2x3+1 ( 1)5 (#+3)!@+2) =
(4—3)!3!r(3—7+ 1)(3—2)!(2!)2(3+2—7+1)
_ 14400v7 V9
B Vi
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Fourth when [ = 3, we find

(—1)*+3+3+3(4 4 3)1 (3 + 3)!

(4—3)!3!r(3—%+1)(3—3)!(3!)2(3+3—%+1)

_ —22400V7 V9
S

From!l=0,l =1,] = 2and [ = 3, we obtain:

1120V7V9  8064v7 V9 N 14400v7V9  22400vV7V9  —32v7+9
v vr Vr 3Vt 3w
Now,wheni =4,j =4,k=3and a =5/2, we get

=V2x4+1V2x3+1

First when [ = 0, we find

(—1)*+4¥3+0(4 + 3)1 (4 + 0)!

043 =V2X4+1V2Xx4+1

(4—3)!3!r(3—%+ 1)(4—0)!(0!)2(3+0—%+ 1)
~10080
G
Second whenl = 1, we find
=V2x4+1V2x4+1 (_1);+4+3+1(4+3)!(4+1)! g
(4—3)!3!r(3—7+ 1)(4—1)!(11)2(3+1—7+1)
120960
R
Third when [ = 2, we find
=V2x4+1V2x4+1 (_1);+4+3+2(4+3)!(4+2)! :
(4—3)!3!r(3—7+ 1)(4—2)!(2!)2(3+1—7+1)
—388800
==
Fourth when [ = 3, we find
=V2x4+1V2x4+1 (_1);+4+3+3(4+3)!(4+3)! :
(4-3)3T(3-5+1)(4-3)1@3D?(3+3-3+1)
1411200
N

The fifth when [ = 4, we find
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(—1)4++4+3

=V2x4+1V2x4+1

5
(4—3)!3!r(3—7+1

_ —2116800
11w
Froml=0,l=1,l =2,l =3 and ! = 4, we obtain:

44+ 3)1 (4 + 4)!
) (4= 91 (412 (3+4—%+1

—10080 120960 388800 1411200 2116800 480
v NN 3V 1Wm 11Vm
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
ps/z - [160V7  32V7V3  -32V7V5 32 —160V7 V9
Vr V& AL 3Vr Vr
—3360 —224v/3V/9 32v/5v9 —32V7+9 480
Vr V1 V1 V& 11Vr

Table 4.2: Comparison Between Exact Solution y(t) and the Approximate Solution

Yiwomm(t) for M = 4

)

t Exact Solution Approximate Solution Absolute error
0.0 1.77245385 1.77245017 3.6799e-06
0.1 1.85896528 1.85865759 0.0003076896
0.2 1.94162591 1.94212836 0.0005024513
0.3 2.02090832 2.02282296 0.0019146374
0.4 2.09719568 2.10070186 0.0035061777
0.5 2.17080376 2.17572553 0.0049217632
0.6 2.24199649 2.24785445 0.0058579596
0.7 2.31099708 2.31704909 0.0060520074
0.8 2.37799638 2.38326993 0.0052735513
0.9 2.44315903 244647744 0.0033184145
1.0 2.50662827 2.50663210 3.8303e-06
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Figure 4.2: Absolute Error between Exact and Approximate Solutions for Equation
(424)at M =4

26 T T T T T T T T T

Exact Solution
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Figure 4.2: Comparison Between the Exact and the Approximate Solutions Using the

Fractional Legendre Wavelet Operational Matrix for M = 4.
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This example 1 (Secer et al., 2019) was re-solved using the proposed Legendre Wavelet
Operational Matrix (LWOM) method for both M = 3 and M = 4. The results indicate that
increasing the value of M improves the accuracy, with M = 4 yielding significantly better
results than M = 3. It was also observed that the Fourth row of the D3/?matrix in the
reference (Secer et al., 2019) contains a computational error, which negatively affected their
solution.

Here, the matrix was manually constructed correctly in this work, leading to highly accurate
numerical results, as show in Figures (4.1) and Figures (4.2).

Furthermore, the comparison plot between the exact and approximate solutions shows a
strong agreement, with nearly identical curves, confirming the effectiveness of the method.
Table (4.1) and Table (4.2) present the approximate solutions, exact values, and
corresponding absolute errors for both values of M.

Example 2: (Saadatmandi, 2014)

consider the following linear initial values problem that consists the fractional differential

equations:

D?y(t) + D%y(t) +y(t) =1+t (4.25)

And the initial conditions,

dy
y(0) = 0,—(0) =1
The exact solution of this problem is given as,
yt) =1+t
Solution:
We set M = 2 and k = 0; two fractional operational matrices D3/2and D, whose results

were presented in the example 1, are used in the subsequent computations.

0 0 o
D=(2V3 0 o]
0 2V15 0

Next, the fractional operational matrices D?will be analyzed and constructed as

D x D = D?, it can be written in the form of a theorem (4.1) as,
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Table 4.3: Comparison Between the of Exact Solution y(t) and the Approximate Solution

Yiwomm(t) for M = 2

D% =

0
0

0 0
00]

43V15 0 0

t Exact Solution Approximate Solution Absolute error
0.0 1.000000000 1.000000000 4.4e-16
0.1 1.100000000 1.100000000 5.8e-14
0.2 1.200000000 1.200000000 2.3e-13
0.3 1.300000000 1.300000000 5.3e-13
0.4 1.400000000 1.400000000 9.4e-13
0.5 1.500000000 1.500000000 1.5e-12
0.6 1.600000000 1.600000000 2.1e-12
0.7 1.700000000 1.700000000 2.9e-12
0.8 1.800000000 1.800000000 3.8e-12
0.9 1.900000000 1.900000000 4.8e-12
1.0 2.000000000 2.000000000 5.9e-12

76




Absolute Error
(%]

Figure 4.3: Absolute Error between Exact and Approximate Solutions for Equation

(4.25)at M = 2
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Figure 4.3: comparison Between the Exact and the Approximate Solutions Using the

Fractional Legendre Wavelet Operational Matrix for M = 2
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Now, we take M = 3 and k = 0 then the value D? is

0 0 0
0 0 0

2 _
b” = 4+/3/15 0 0
0 4V15v35 0 o

Using the same code but changing M = 3 and k = 0 we get that

S o O

Table 4.4: Comparison Between the Exact Solution y(t) and the Approximate Solution

Yiwomm(t) for M =3

t Exact Solution Approximate Solution | Absolute error
0.0 1.000000000 1.000000000 3.3e-16
0.1 1.100000000 1.100000000 4.4e-13
0.2 1.200000000 1.200000000 8.3e-13
0.3 1.300000000 1.300000000 1.2e-12
0.4 1.400000000 1.400000000 1.5e-12
0.5 1.500000000 1.500000000 1.7e-12
0.6 1.600000000 1.600000000 1.9e-12
0.7 1.700000000 1.700000000 2.0e-12
0.8 1.800000000 1.800000000 2.1e-12
0.9 1.900000000 1.900000000 2.1e-12
1.0 2.000000000 2.000000000 2.0e-12
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Figure 4.4: Absolute Error Between Exact and Approximate Solutions for Equation
(4.25)at M = 3.
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Figure 4.4: comparison Between the Exact and the Approximate Solutions Using the

Fractional Legendre Wavelet Operational Matrix for M = 3.
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This example2 (Saadatmandi, 2014) was re-solved using the Legendre Wavelet Operational
Matrix (LWOM) for two different values of M, namely M = 2 and M = 3, to examine the
effect of increasing on the solution accuracy.

The numerical results were accurate in both cases, with better accuracy achieved at M = 3,
as confirmed by the absolute error values.

As shown in Figure (4.3) and Figure (4.4), the comparison between the exact and
approximate solutions reveals a close match, highlighting the efficiency of the proposed
method.

Table (4.3) and Table (4.4) present the approximate solutions, exact values, and

corresponding absolute errors for both values of M.

Example 3:
consider the following linear initial value problem consists of the fractional differential

equations:
1 1
4(t + 1D)D3y(t) + 4D2y(t) + t) =+t+ 4.26
(t+1)D°y(t) y(t) my() Vi +m (4.26)
And the initial condition,
d NG
y(0) = \/ﬁd—}t](o) = T,y(l) =2r

The exact solution of this problem is
y(©) =ym(t+1)
Solution:
We set M = 3 and k = 0; and the matrix D3 will be derived using the same approach as for
D? Next, the fractional operational matrices D3will be analyzed and constructed as

D x D? = D3, it can be written in the form of a theorem (4.1) as,

0 0 00
0 0 00

3 _
b = 0 0 0 0
8V3V15V35 0 0 0

1
And now we are going to find matrix Dzwheni=1,j =0,k =1,l =0and a = 0.5, we
get
(=1)H0+1+0(1 + 1)1 (0 + 0)!

(1—1)!1!r(1—%+1)(0—0)!(0!)2(1+0—%+ 1)

0101 =V2X1+1V2x0+1
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8v3
R
Now,wheni=1,j=1,k=1,l=0and a = 0.5, we get
First when [ = 0, we find

91,1.1
(-1 + 1)1 (1 4 0)!

=V2x1+1V2x1+1

(1—1)!1!r(1—%+ 1)(1—0)!(0!)2(1+0—%+1)
-8
~
Second when [ = 1, we find
=V2x1+1VZx1+1 (_1)11+1+1+1(1+1)!(1+1)! -
(1—1)!1!r(1—7+ 1)(1—1)!(1!)2(1+1—7+1)
48
G
From [ = 0and [ = 1, we obtain,
8 48 8
Jz  5vm  5vm
Now,wheni =1,j =2,k =1and a = 0.5, we get
First when [ = 0, we find
0121 =V2ZX1+1V2ZX2+1 (_1)11+2+1+0(1 MR -
(1—1)!1!r(1—7+ 1)(2—0)!(0!)2(1+0—7+ 1)
8vV3v5
RN
Second whenl = 1, we find
=V2x1+1V2x2+1 (_1)11+2+1+1(1+1)!(2+1)! -
(1—1)!1!r(1—§+ 1)(2—1)!(1!)2(1+1—7+1)
—48v3/5
T sym

Third when I = 2, we find
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(—1)*F2+1+2(1 4 1)1 (2 + 2)!

=V2x1+1V2x2+1

(1—1)!11r(1—%+1)(2—2)!(2!)2(1+2—%+1)
_ 48V3V5
—

From ! =0, = 1land | = 2, we obtain:

8V3v5 48V3V5 48V3V5 -8
3Vt S5vn Wm 105w

And with the same steps we find that:

Now,wheni =1,j =3,k = land a = 0.5,whenl=0,l =1,l =2 and | = 3, we get
_8V3VT
LT 315y
Now,wheni=2,j=0,k=1,l =0and a = 0.5, we get
(—1)2*0+1+0(2 + 1)1 (0 + 0)!

001 =V2X2+1V2X0+1

1 1
- (1-5+1)(©0-0) (0N (1+0-5+1)
_ -85
- n
Now, wheni =2,j =1,k = land a = 0.5, we get
First when [ = 0, we find
—1)Z+H0(2 + 1)1 (1 4 0)!
0,11 =V2X2+1V2x1+1 ( )1 ( ) ( ) -
@-Dur(1-5+1) (-0 (N2 (1+0-5+1)
_8J5v3

Vi

Second when !l = 1, we find
(1)ZFHHL2 + DI+ 1)!

=V2x2+1V2x1+1

(2—1)!1!r(1—%+1)(1—1)!(1!)2(1+1—%+1)
_ —48V5+3
- 5ym
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From [ = O0and [ = 1, we obtain,

8V5vV3 48V5vV3 -8V5v3
Vi svr 5Vn

Now, wheni = 2,j = 2,k = land a = 0.5, we get

First when [ = 0, we find
(—1)2+2+140(2 1+ 1)1(2 + 0)!

0,1 =V2X2+1V2x2+1

@D (1-2+1) @2~ 0) )2 (1403 +1)
40
e
Second when [ = 1, we find
—VZXZFIVZX2ZH1 CH™EA DI+ D!
= i :
C-Dur(1-5+1)@-11an?(1+1-5+1)
144
G
Third when [ = 2, we find
= VZX2FIVZXZH1 S G ICh 2L
= i :
@-Dur(1-5+1)@-2)1@)? (1+2-5+1)
_—720
-

Froml =0, = 1and [ = 2, we obtain,
—40 N 144 -720 B 8
Vi VT Wm 7Wm

And with the same steps we find that:

Now,wheni =2,j =3,k = land « = 0.5,whenl =0, =1,1l = 2,1 = 3, we get

_ =857
2317 05T
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Now,wheni=3,j=0,k=1,l=0and a = 0.5, we get

Now,wheni=3,j=1,k=1,l =

_—-16V3
3,01 — \/E
0,l=1and a = 0.5, we get
_16V3V7
31,1 — \/E

Now,wheni=3,j=2k=1,1=0,l=1,l=2and a = 0.5, we get

_ —16v5V7
24" 35ve
Now,wheni=3,j=3,k=1,1=0,l=1,l=2,l=3and a = 0.5, we get
_ —16
0331 = T5vm
Thus, we obtain
-0 0 0 0
83 8 -8 8v3V7
3w 5V 105V 315v7
pv/z2=|-8/5 -8V/5+3 8 —8v5V7
NG 5Vm 7V 105
—16vV3  16V3V7 -16V5V7 —16
Vi N 35vVm 15vm |

Table 4.5: Comparison Between Exact Solution y(t) and the Approximate Solution

Yiwomm(t) for M = 3

t Exact Solution Approximate Solution Absolute error
0.0 1.7724538509 1.7724538987 4.8e-08
0.1 1.8589652818 1.8595560634 5.9e-04
0.2 1.9416259126 1.9445968705 3.0e-03
0.3 2.0209083229 2.0272089353 6.3e-03
0.4 2.0971956788 2.1070248726 9.8e-03
0.5 2.1708037637 2.1836772976 1.3e-02
0.6 2.2419964866 2.2567988253 1.5e-02
0.7 2.3109970816 2.3260220707 1.5e-02
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0.8 2.3779963786 2.3909796489 1.3e-02
0.9 2.4431590292 2.4513041749 8.1e-03
1.0 2.5066282746 2.5066282637 1.1e-08
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Figure 4.5: Absolute Error Between Exact and Approximate Solutions for equation

2.6

2.5

Figure 4.6: Comparison Between the Exact and the Approximate Solutions Using the

t

(4.26)at M = 3
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Fractional Legendre Wavelet Operational Matrix for M = 3
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This example 3, was solved using the Legendre wavelet operational matrix method
(LWOM) for M = 3. The numerical results and the comparison between the exact and
approximate solutions demonstrated excellent agreement as shown in Table (4.5) and
Figures (4.5) and (4.6). This confirms the reliability and efficiency of the proposed
fractional approach, even with a relatively small value of M. The success of this example
adds further evidence to the accuracy and applicability of the method in solving fractional
differential equations.

Example 4:

consider the following linear initial values problem that consists the fractional differential

equations:

d?y 3
—zt 4+ 1) D2y(t)+y(t) =1+t (4.27)

And the initial conditions,

dy
y(0)=0,—(0) =1

The exact solution of this problem is given as,

yt)=1+t
Solution:
We set M = 3 and k = 0; the matrices D and D% have been defined in the previous
examples, found the matrix D2in example 2.
Table 4.6: Comparison Between Exact Solution y(t) and the Approximate Solution

Yiwomm(t) for M =3

t Exact Solution Approximate Solution | Absolute error
0.0 1.000000000 1.000000000 2.2e-16
0.1 1.100000000 1.100000000 2.5e-13
0.2 1.200000000 1.200000000 4.2e-13
0.3 1.300000000 1.300000000 5.2e-13
0.4 1.400000000 1.400000000 5.5e-13
0.5 1.500000000 1.500000000 5.0e-13
0.6 1.600000000 1.600000000 3.8e-13
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0.7 1.700000000 1.700000000 1.9e-13
0.8 1.800000000 1.800000000 7.0e-14
0.9 1.900000000 1.900000000 4.1e-13
1.0 2.000000000 2.000000000 8.1e-13
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Figure 4.7: Absolute Error Between Exact and Approximate Solutions for equation

(4.27)at M =3
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Figure 4.8: Comparison Between the Exact and the Approximate Solutions Using the
Fractional Legendre Wavelet Operational Matrix for M = 3
This example 4, was solved using the Legendre wavelet operational matrix method
(LWOM) for M = 3. The numerical results and the comparison between the exact and
approximate solutions demonstrated excellent agreement as shown in Table (4.6) and
Figures (4.7) and (4.8). This confirms the reliability and efficiency of the proposed
fractional approach, even with a relatively small value of M. The success of this example
adds further evidence to the accuracy and applicability of the method in solving fractional

differential equations.
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Chapter Five

Conclusion and Future
Worke



5.1. Conclusion

In this research, | presented an overview of fractional calculus, including special functions
such as the Beta and Gamma functions. | also discussed several important definitions, with a
particular focus on the Riemann—Liouville definition, presenting its key properties, proofs,
and examples. Additionally, I introduced the Caputo definition, which | adopted throughout
my thesis, and highlighted its properties, proofs, and illustrative examples.

In the second chapter, | explored the Legendre polynomials, their generating functions,
orthogonality, and provided various examples. The third chapter focused on wavelets: |
defined wavelets, reviewed their historical development and key properties, and presented
some of the most well-known wavelets such as the Haar and Mexican Hat wavelets,
accompanied by illustrative graphs. I also discussed Legendre and shifted Legendre wavelets,
clarified the differences between them, and provided relevant proofs.

The fourth chapter focused on the numerical solution of fractional differential equations
using the operational matrix approach based on the Caputo derivative. | presented the method
for constructing the normalized shifted Legendre operational matrix of fractional derivatives
and applied it to solve linear fractional differential equations. Four examples were solved:
The first example was taken from a published paper. | solved and obtained excellent results.
It is worth noting that the paper contained an error in the matrix, which I corrected in my
work.

The second example, also from a research paper, was solved and again, the results were
highly accurate.

The third and Fourth examples was based on my own formulation. | achieved highly accurate
results using MATLAB, which was employed in solving all examples in this chapter. The
use of shifted Legendre wavelets in this study proved to be effective and produced precise

numerical,
5.2. Future Work

Based on the accurate results obtained in this study, future research may focus on extending
the application of Shifted Legendre Wavelets to solve nonlinear fractional differential
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equations and exploring the impact of varying parameters on solution accuracy. It is also
recommended to investigate the use of other types of wavelets and compare their numerical
efficiency with Legendre wavelets. Furthermore, the proposed method could be developed
to address variable-order fractional differential equations, which reflect more realistic models

in physical and engineering applications.

90



References

Akujuobi, C. M. (2022). Wavelets and Wavelet Transform Systems and Their Applications:
A Digital Signal Processing Approach. Springer International  Publishing.
https://doi.org/10.1007/978-3-030-87528-2.

Askey, R., & Roy, R. (2010). Gamma function. In F. W. J. Olver, D. W. Lozier, R. F.
Boisvert, & C. W. Clark (Eds), NIST Handbook of Mathematical Functions (pp. 135-147).
Cambridge University Press.

Atanackovic, T. M. (2013). Fractional calculus with applications in mechanics. ISTE
Ltd/John Wiley and Sons Inc.

Belgacem, R., Bokhari, A., & Amir, A. (2018). Bernoulli Operational Matrix of Fractional
Derivative for Solution of Fractional Differential Equations. General Letters in Mathematics
(GLM), 5(2).

Bell, W. W. (2004). Special functions for scientists and engineers. Courier Corporation.
Sneddon, I. N., & Cohen, E. R. (1956). Special functions of mathematical physics and
chemistry.

Bologna, M. (2005). Short introduction to fractional calculus. Universidad de Tarapaca,
Arica, Chile. Lecture Notes, 41-54.

Chang, P., Kanwal, A., Rong, L. J., & Isah, A. (2016). Legendre operational matrix for
solving fractional partial differential equations. International Journal of Mathematical
Analysis, 10, 903-911. https://doi.org/10.12988/ijma.2016.6688

Chevillard, S. (2012). The functions erf and erfc computed with arbitrary precision and
explicit error bounds. Information and Computation, 216, 72-95.

Delkhosh, M. (2013). Introduction of derivatives and integrals of fractional order and its
applications. Appl. Math. Phys, 1(4), 103-119.

Dragomir, S. S., Agarwal, R. P., & Barnett, N. S. (1999). Inequalities for beta and gamma
functions via some classical and new integral inequalities. RGMIA Research Report
Collection, 2(3).

Farrell, O. J., & Ross, B. (2013). Solved problems in analysis: As applied to gamma, beta,

91



legendre and bessel functions. Courier Corporation.

Isah, A., & Chang, P. (2015). LEGENDRE WAVELET OPERATIONAL MATRIX OF
FRACTIONAL DERIVATIVE THROUGH WAVELET-POLYNOMIAL
TRANSFORMATION AND ITS APPLICATIONS IN SOLVING FRACTIONAL ORDER
DIFFERENTIAL EQUATIONS. International Journal of Pure and Apllied Mathematics,
105(1). https://doi.org/10.12732/ijpam.v105i1.9

Ghosh, U., Sengupta, S., Sarkar, S., & Das, S. (2015). arXiv Preprint arXiv:1505.06514.
Kimeu, J. M. (2009). Fractional calculus: Definitions and applications.

Malinowska, A. B., Odzijewicz, T., & Torres, D. F. M. (2015). Advanced Methods in the
Fractional Calculus of  Variations. Springer International Publishing.
https://doi.org/10.1007/978-3-319-14756-7.

Mohammadi, F., & Hosseini, M. M. (2011). A new Legendre wavelet operational matrix of
derivative and its applications in solving the singular ordinary differential equations. Journal
of the Franklin Institute, 348(8), 1787—-1796. https://doi.org/10.1016/j.jfranklin.2011.04.017.
Podlubny, 1. (1998). Fractional differential equations: An introduction to fractional
derivatives, fractional differential equations, to methods of their solution and some of their
applications. elsevier.

Prabhakar, T. R. (1971). A singular integral equation with a generalized Mittag Leffler
function in the kernel. Yokohama Mathematical Journal= #&& 7 X L#12Z D Z5F9, #
2 19(1), 7-15.

Ray, S. S., & Gupta, A. K. (2018). Wavelet Methods for Solving Partial Differential
Equations and Fractional Differential Equations (1st ed.). Chapman and Hall/CRC.
https://doi.org/10.1201/9781315167183.

Saadatmandi, A. (2014). Bernstein operational matrix of fractional derivatives and its
applications. Applied Mathematical Modelling, 38(4), 1365-1372.
https://doi.org/10.1016/j.apm.2013.08.007.

Secer, A., Altun, S., & Bayram, M. (2019). Legedre wavelet operational matrix method for
solving fractional differential equations in some special conditions. Thermal Science,
23(Suppl. 1), 203-214. https://doi.org/10.2298/TSCI1180920034S.

Wiman, A. (1905). Uber den Fundamentalsatz in der Teorie der Funktionen E a (x). Acta
Mathematica, 29, 191-201.
Yalginbas, S., Sezer, M., & Sorkun, H. H. (2009). Legendre polynomial solutions of high-

92



order linear Fredholm integro-differential equations. Applied Mathematics and Computation,
210 (2), 334-349.

93



Appendix A

The MATLAB Code

1) Below we show a MATLAB code for Example 1 using Legendre wavelet operational
matrix method (LWOM), this code is constructed by the author of this thesis.

%% MATLAB Code to Solve Example 4.1 using Shifted lLegendre Wavelet Operational Matrix Methed
% Using the Shifted Legendre Wavelet Operational Matrix Method with M=3, k=0

% Clear workspace and figures
5-  clear all;

6- close all;

1- clg;

9 %% Parameters
10-  M=13; % Number of vavelet terms (M=3 means indices 0,1,2,3 for a 4x4 matrix)
11- % =0; % shift parameter

13 %% Define constants and exact solution for comparisen
14- pival =pi;
15-  exact solution = @(t) sqrt(pi val * (¢ + 1));

16

17 %% Define the operational matrices for Shifted Legendre Folynomials

18 % D matrix (4x4) for Shifted Legendre Polynomials

19 — D=1

20 o, o, O, 0;

21 2%sgrt(3), 0, 0, 0:

22 0, 2%sqgqrt(15), 0, 0;

23 0, o, 2%sgrt (35), 0

24 1;

25

26 % D~(3/2) matrix (4x4) for Shifted Legendre Polynomials
27 % Note: These matrices need to be recalculated for Shifted Legendre
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29 0, 0, 0, 0;

30 0, 0, 0, 0;

31 16¥sqrt (5) /sqrt (pi val), 16¥sqrt () *sqrt(3)/(5*sqrt (pl val)), -16/(7*sqrt(pi val)), 16*sqre(7)*sqre(5)/(105%sqrt(pd val));
32 -80*sqrt (7) /sqre (pi val),-16%sqrt (7) *sqrt.(3)/ (7*sqre (pi val)), 16%sqre(7)*sqre(5)/(T*sqrt (pi val)), -16/(3*sqrt(pi val)
33 li

34

3 5 0%(5/2) matrix (4xd) for shifted Legendre Polynomials

- Di2=]

3 0, 0 0 0;

38 0, 0 0, 0;

39 0, 0 0 0

40 160%sqrt (T) /sqrt (pi val), 32*sqrt(T)*sqrt(3)/sqrt(pl val), -32*sqrt(7)*sqrt(3)/ (T*sqrt(pl val)), 32/(3*sqrt(pi val))
41 IH

43 %% Time discretization for final solution evaluation

44 - t values = 0:0.1:1; % Discretize the time range from 0 to 1

45

46 %% Construct the system of algebraic equations

47 % Use more collocation points for better accuracy

48 - num collocation = 100; % More points for better accuracy

49 — collocation points = linspace(0, 1, num collocation);

50

51 % Create the coefficient matrix and right-hand side vector

Fal= A= zeros[num_;ollocation, M+1);

3= b= zeros{num_collocation, 1),

54

55 % Fill the system using collocation method

56— [Jfor i = 1:length(collocation points)

57 - t = collocation points(i);

58

59 % Right-hand side of the eguation

60 - b(i) = sgrt(t) + sqrt(pi val);

61

62 % Construct the left-hand side using operational matrices
63— [ forn = 0:M

64 % Calculate psi(n,t) directly using SHIFTED Legendre polynomials
65 % No transformation needed as shifted polynomials are defined on [0, 1]
66

67 % Calculate Shifted Legendre polynomial value based on n
68 — if n =

69 — Pwval = 1;
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70 - elseif n =1

71 - Pwval = 2%t - 1;

72| — elseif n == 2

13 - P val = 6%t"2 - 6*t + 1;

74 - elseif n == 3

75 - P val = 20%t"3 - 30%t"~2 + 12%t - 1;

16 — end

17

18 % Calculate psi value for shifted Legendre
79 - psi n t = sqrt(2*n+l) * P val;

80

81 $ Term with 1/4/(t+1)

82 - B(i, n+l) = (1/sqrt(t+l)) * psi n t;

83

84 % Apply D*(3/2) and D*(5/2) operational matrices
85 - [ for § = 0:M

g6 % Calculate psi(j,t) directly using SHIFTED Legendre polynomials
87 - if § ==

88 - Pval j=1;

89 - elseif § =1

90 - Pval j=2% -1;

91 - elseif § =2

92 — P val j = 6%t"2 - 6%t + 1;

93 - elseif § =3

94 - P val j = 20%t*3 - 30%tA2 + 12%t - 1;
95 - end

96

97 - psi j t = sqrt(2*j+1) * P val j;
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99 % Term with 4D"(3/2)

100 - B(i, n+1) = A(i, n+1) + 4 * D 3 2(n+1, j+1) * psi j t;
101

102 % Term with 4 (t+1)D*(5/2)

103 - B(i, n+l) = A(i, n+l) + 4 * (t+l) * D 5 2(n+l, j+1) * psi j t;
104 - | end

105 - end

106 - “end

107

108 %% Add rows for initial conditions

109 2 y(0) = vm

110 - R icl = zeros(l, M+l);

111 - [lfor n = 0:M

112 % Calculate psi(n,0) directly using SHIFTED Legendre polynomials
113 - if n ==

114 - Pval = 1;

115 - elseif n==1

116 — Pval =2%0 - 1; % = -1

117 - elseif n == 2

118 - P val = 6%0%2 - 6%0 + 1; 5 =1

119 - elseif n == 3

120 - P val = 20%0"3 - 30%0"2 + 12%0 - 1; % = -1

121 - end

122

123 % Calculate psi value

124 - psi n 0 = sqrt(2*n+l) * P val;

125

126 - & icl(l, nt+l) = psi n 0;

127 - ‘“end
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128 - b icl = sqrt(pi val);

129

130 % dy/dt(0) = vn/2

131 - R ic2 = zeros(l, M+l);

132 - forn = 0:M

=5 = for 7 = 0:M

134 % Calculate psi(j,0) directly using SHIFTED Legendre polyn
135 - if j =

136 - Pval j=1;

1= 7= elseif ] =1

138 - Pval j =-1; 3 2%0-1

139 - elseif ] == 2

140 - Pval j = 1; % 6%0"2-6%0+1

141 - elseif J = 3

142 - P val j =-1; % 20%0*3-30%0"2+12*0-1
143 - end

144

145 % Calculate psi value

146 - psi j 0 = sqrt(2*j+1) * P val j;

147

148 - A ic2(1, ntl) = A ic2(1, n+l) + D(ntl, j+1) * psi j 0;
149 - end

150 - end

151- b ic2 = sqrt(pi val)/2;

152

153 % y(1) = 2m

154 - A ic3 = zeros(l, Mtl);

155 - for n = 0:M
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156
157
158
LEE)
1€0
lel
162
163
164
165
166
1e7
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185

% Calculate psi(n,1) directly using SHIFTED Legendre polynomials

if n ==
P val = 1;
elseif n = 1
Pwval = 2%1 - 1; & =1
glseif n == 2
P val = 6*1°2 - 6*%1 + 1; & =1
glseif n == 3
P val = 20*%1~3 - 30*1~2 + 12*1 - 1; & =1
end

% Calculate psi walue
psi n 1 = sqgrt(2*n+l) * P _wval;

A ic3(1, nt+l) = psi n 1;

-end
b ic3 = sqrt(2*pi val);

% Combine the system with initial conditions
% Add weight to initial conditions for better accuracy

o

weight ic = 10000; % Higher weight factor for initial conditions

A weighted
b weighted = [b; weight ic*b icl; weight ic*b ic2; weight ic*b ic3];

[A; weight ic*A icl; weight ic*A ic2; weight ic*A ic3];

% Solve the weighted system
W = A weighted \ b _weighted;

%% Compute the approximate solution using the obtained coefficients

approx_solution = zeros(size(t values));

E]for i = l:length(t_wvalues)
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186 — J] t =t values (i)

187 — for n = 0:M

188 % Calculate psi(n,t) directly using SHIFTED Legendre polynomials
189 — if n ==

190 — P val = 1;

191 - elseif n == 1

192 — P wval = 2%t - 1;

193 - elseif n == 2

194 - P val = ¢*t~2 - o*t + 1;

195 — elseif n == 3

196 — P val = 20%t~3 - 30*%t~2 + 12*t - 1;

197 - end

198

199 % Calculate psi wvalue

200 — psi n t = sgrt(2*n+l) * P _wval;

201

202 - approx_solution(i) = approx solution(i) + W(n+l) * psi n t;
203 - end

204 - ‘“end

205

206 %% Calculate exact solution values

207 — exact values = exact_solution(t_values);

208

209 %% Create a table for comparison with the paper's results

210 — t table = t values';

211 - exact values table = exact values';

212 — approx values table = approx solution';

213 — absolute error = abs(exact values table - approx values table);
214

215 §% Display the table
216-  fprintf('Table 1. Comparison of our solution y IWOMM(t) using Shifted Legendre Polynemials and the exact solution x(t) for Example 1\n');

A7-  fprintf(’ \n');

8- fprintf(" ¢ ylt) ¥ 10MM () Ihsolute error\n');

219~ fprintf(’ \n');

220~ Cfor 1 = 1:length(t values)

21 § Format the output to match the paper's table format

22- if abs({absolute error(i)) < le-4

223 % For very small errors, use scientific notation

24 - fprintf('53.1f  #12.8f  S12.8f  #12.4e\n', t table(i), exact values table(i), approx values table(i), absolute error(i});
225- else

226 % For larger errors, use fixed-point notation

21 - fprintf(*35.1f  #12.8f  312.8f  312.10f\n', t table(i), exact values table(i), approx values table(i), absolute error(i});
228- end

29- ‘“end

230~ fprintf(’ \n');

231
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232 %% Plot the exact and approximate soluticns

233|— figure;

234 - plot(t values, exact values, 'r', 'LineWidth', 2):

235 — hold on;

236 — plot(t values, approx solution, 'b--o', 'LineWidth', 1.5);

237 - legend('Exact Solution', 'Approximate Solution ');

238 — xlabel('t");

239 — ylabel ("y(t) '),

240 %title ("Comparison of Exact and Rpproximate Solutions for Example 1');
241 — grid on;

242

243 %% Display the absclute error

244 — figure;

245 — plot(t values, absolute error, 'k--o', 'LineWidth', 1.5):

246 — xlabel('t");

247 — ylabel ('Ebsolute Error'):;

248 %title ("Absolute Error between Exact and Approximate Solutions');
249 — grid on;

2) This section presents the MATLAB code used for Example 2.

1 %% MATLAB Code to Solve ExXample 4.2 using LWOMM (M = 2, k = 0)
2

3= clear all; close all; clc;

4 — format long

5

6 %% Parameters

7= M = 2; % Number of wavelet terms (0 to 2 — 3x3 matrix)
8 - k = 0; % shift

9 — pi val = pi;

10 — t values = 0:0.1:1; % Interval [0,1] for Table 2

11

12 %% Exact sclution

13 - y exact = @(t) (1 + ©);

14

15 %% Operaticnal Matrices (from paper for M = 2, k = 0)
16 — D = [0, O, O;

17 2%sqgrt(3), 0, 0;

18 0, 2%sgrt(15), 01;

19

20 — D2 = [0, 0, 0O

21 0, 0, 0:

22 4*sqgrt (3) *sart (5), 0, 0]1;

23
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24 -
25
26
27
28
29 -
30-
31

32
33
34
35
36
37
38
HE
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59

p32 =10, 0, 0;
0, 0, 0;

16*sqrt (5)/sqrt (pi val), (16*sqrt(5)*sqrt(3))/(5*sqrt(pl val)), -16/(7*sqrt(pi val))l;

%% Collocation Points

N = 10;

collocation points = linspace(0, 1, N);

%% Assemble system: D*2 y + D*{3/2}y + y =
zeros (N, M+1);
zeros (N, 1);

A
h =

for
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i=1:N
t = collocation points(i);
y trans = 2*t - 1; % Transform to [0,1]
for n = 0:M
% psi n(t)
if n ==
PFn = 1;
elseif n ==
Pn = y trans;
glseif n ==
Pn = (3*y trans~2 - 1)/2;
end
psi n = sqgrt((2*n + 1)/2) * Pn;
% Sum for D~2 y and D"~{3/2}y
total = psi n;
for 7 = 0:M
% psi j(t)
if § ==
Pj = 1;
gelseif 7 ==
P] = y trans;
glseif 7 ==



60 - Pj = (3*y trans*2 - 1)/2;

61 - end

62 - psi j = sqrt((2*j + 1)/2) * Pj;
63

64 - total = total + D2(ntl,J+1) * psi J + D32(ntl,3+1) * psi_j;
65 - end

66 - B(i,n+l) = total;

67 - end

68

69 - b(i) =1+ t;

70 - end

71

72 %% Initial conditions: y(0) =1, dy/dt(0) =1
73 % y(0)

74 - y0 row = zeros(l, Mtl);

15-  y=-1;

76 - for n = (:M

s if n =

18 - Pn = 1;

79 - elseif n =1

80 - Pn = y;

81 - elseif n == 2

82 - Pn = (3*y*2 - 1)/2;

83 - end

84 - psin = sqrt((2*n + 1)/2) * Pn;

85 - y0 row(n+l) = psi n;

103



BB
89
S50
51
92
93
54
95
S
57
58
59
100
101
102
103
104
105
106
107
108
109
110
111
112

s dy/dt (0)

dy(

for

end

o2

oo

row = zeros(l, M+1);
n = 0:M
total = 0;
for 7 = 0:M
if 7 =0
BP7 = 1;
elseif ] == 1
P] = vy;
elseif 7 ==
P = (3*y"2 - 1)/2;
end
psi j = sgrt((2*j + 1)/2) * Pj;
total = total + D(n+l,3+1) * psi J;
end
dy0 row(n+l) = total;

2dd weighted initial conditions

[&; lee*y0 row; leo*dy0 row];

[b;

leg*1;

leg*1];

%% Solve for coefficients
W=2AaA\ b;
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113 %% Approximate solution on t values

114 - approx = zeros(size(t values));

115 - for 1 = l:length(t values)

116 — t =t values(i);

117 - y trans = 2*t - 1;

118

119 - for n = 0:M

120 - if n ==

121 - Pn = 1;

122 - elseif n ==

123 - Pn = y trans;

124 — elseif n ==

125 — Pn = (3*y trans"2 - 1)/2;
126 — end

127 — psi n = sqrt((2*n + 1)/2) * Pn;
128 - approx (i) = approx(i) + W(n+l) * psi n;
129 - end

130 - end

131

132 %% Output Table

133 - exact vals = y exact(t values)';

134 - abs err = abs(exact vals - approx');
135
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132 % Output Table
133-  exact vals = y exact(t values)';
134~ abs err = abs(exact vals - approx');

135

136-  fprintf('\nTable 2. Comparison of our solution y LWOMM(t) and the exact solution y(t) for Example 2\n');
137-  fprintf(’ \n');

138~ fprintf(' ¢t y(t) y LM (t) Ibsolute error\n');

139-  fprintf(’ \n');

140- [for 1 = 1:length(t values)

141 - fprintf('34.1f 212,90 %12.9f %8.1e\n', t values(i), exact vals(i), approx(i), abs err(i));
142- ‘end

143-  fprintf(’ \n');

144

145 % Plot: Exact vs Approx

146~ figurs;

147-  plot(t values, exact vals, 'r-', 'Linefidth', 2); hold on;

148-  plot(t values, approx, 'bo--', 'LineWidth', 1.5);

149~ legend('Exact Solution', 'LWOMM Approximation', 'Location', 'Best');
150-  xlabel('t"); ylabel{'y(t)');

151 §title('Comparison of Exact vs LWOMM Approximate Solution');

152~ grid on;

153

154 %% Plot: Absolute Error

155~ figure;

156 -  plot(t values, abs err, 'k--0', 'Linefidth'; 1.5);

157-  xlabel('t'); ylabel{'Ebsolute Error');

158 §title('Ahsolute Error between Exact and LWOMM Approximation');
158 - qrid on;

1£n
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	المعادلات التفاضل ية الكسل ة عمّم المشلتتات لالتمات ت الس كليبية خاكلتؤثاا تال ات المشلتتةُتالكسللللللللل ةس ل ث ا اسلللللللللبي مت المعادلات للللللللللعرية تت اً ثت بي السللللللللل ات ا ت ا لت ريتاتها بيتجالات تت عة، خما بي ذلك الف اء لاله ثكة لالع ا المالية .تؤتص مت ال كلالة خثراكلة طر تة عثد ة لحل المعادلات التفاضل ية ذات ال تبة الكسل ة الؤاضعةلشلللللللل لي اأتثادية بل تث ة خاكللللللللتؤثاا تحسلللللللل ت جيات ليج ثرس لتتمثل الفب ت ا كللللللللاكللللللللية لهمتال ر تة بي تتر ب كل ت الثلال المع ات لالمجه لة دا ل المعادلة الم اد ت ه ا خاكتؤثاا ت جاتليج ثرس لبالاكلتفادت ت اةللية التعاتث لمتعثدات تثلد ليج ثر لتصللف بة العم يات ل مشللتتاتا لتعر ا كاأ ت ل مشللتتة الكسلل ة ، تمالعاد ة لالكسلل ة قلبت ا ت اًل المعادلة التفاضلل ية الكسلل ةإلى اا ت المعادلات الجر ة التي مب ت ها بسللللللله لةس ل تحتة ت د ة لذفاءت مت ال ر تة، تمتتث م عث د ت ا تث ة الت ضليحية لمسلادل التيم الاأتثادية لالحث ةسب ضلا تم تتار ة ال تادج العثد ةالتي تم الحصللللللللللللل ل ع هلا خلالح ل المضلللللللللللللر طلة قالتح ي يلة ، تملا اذلث بعلاليلة لمت ال ر تلة بي تللالمعادلات التفاض ية ذات ال تبة الكس ةسالس مات المفتاتية: الحسللللاك الكسلللل - ت جات ليج ثر- تصللللف بة العم يات- التفاضللللل الكسلللل -تشتتة كاأ ت الكس ةس

