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Abstract

This dissertation investigates the fractional Sumudu transform, offering a comprehensive analysis
of'its properties and applications. Also defining the transform through both Riemann-Liouville and
Caputo fractional derivatives, the study establishes a theoretical foundation for its use. Key
properties, including scale preservation, shifting theorem, and the convolution theorem, are
rigorously examined. Furthermore, the dissertation elucidates the relationships between the
Sumudu transform and other established integral transforms, such as Laplace, Fourier, and Mellin
transforms, providing a comparative perspective. The inherent advantage of the Sumudu transform,
its ability to solve differential equations without altering the units or distorting the shape of the
original function, is emphasized and demonstrated. Some practical applications are presented,
showcasing the transform's efficacy in solving fractional-order differential equations. Additionally,
the dissertation explores the utility of the standard Sumudu transform in modeling real-world
phenomena, specifically by analyzing population growth dynamics and determining production and
loss rates for products. This research contributes significantly to the understanding and application
of the Sumudu transform in various scientific and engineering contexts.

11



Dedication

To those who planted in my heart the love of knowledge and faith, to those who raised their
hands in prayer for me at all times...

... To my dear parents...

To the flower of my life and the joy of my days...you were a great support to me to continue
despite the fatigue... your smiles gave me strength and hope ...

... To my dear children...

To my companion on the path... Who accompanied me through the hardships of the road
... whose support and backing were the reason for continuing the journey...

... To my dear husband...

To all my loved ones and friends...to those whose prayers preceded their own existence...
I dedicate this research to you with deep gratitude and love ...

11



Acknowledgments

Praise and extend be to Allah who has granted us the joy of the final destination after He
has instilled in us the certainty of arrival

I extend firstly my special thanks to the doctor supervising this research...

... Prof. Dr. Haniyah Saed... For her continuous support and guidance... Until we
brought this research into existence...

I extend also to everyone who helped me with even a word... To everyone who taught me
even a letter... To all the faculty members in the department...

I also thank my family for their constant support and all my friends and colleagues and
everyone who gave me hope and helped me persevere until arrived ...

v



Table of contents

DeClaration............oooiiiiiiiiii ettt e i
ADSEFACT ..ottt ettt e et s ii
DedCAtION ..ottt et iii
ACKNOWICAGIMENLS .......cocoeiiiiiiiiiiiiiiee et e st esibee e es iv
Table 0f CONLENLS .........cccoiiiiiiiii et e v
List of SYMDBOIS. .....c..ooiiiii e e vii
INErodUCTION ..ottt et 1
1. Sumudu Integral Transform and some of its properties..............ccccccoeveerniennn 6
LT INETOAUCEION. ..ottt ettt sttt sa e e 6
1.2 Sumudu Integral Transform. ..........cccoovieviriiiiiiiiiccee e 10
1.3 Existence of the Sumudu Integral Transform. .........cccccccevviviiiiniinieninicneens 11
1.4 Sumudu Transform of Derivative. .........ccooiiriiiiiiniiiieee e 11
1.5 Inverse Sumudu Transform.........c.cooviiiiiiiiiniii e 14
1.6 Some Properties of the Sumudu Transform. ........ccccceceveriiniiiiniinininneee 21
1.7 Double Sumudu Integral Transform. ...........ccoccoeiieriiiiiiiniiiee e 31
1.8 Existence Condition for the Double Sumudu Transform............ccccccevvvvernnenne. 31
1.9 Double Sumudu Integral Transform of Derivatives. .........ccccoeevvevrieeieieeenieenne. 32
1.10 Some Properties of the Double Sumudu Integral Transform...........c.ccccceeneee 36

2. The Relation between Sumudu Integral Transform and some known Integral

TranSTOIIS. ...c..oooiiiiiii et 40
2.1 TNEOAUCHION. ...ttt sttt s 40
2.2 Laplace Transform of Derivatives. .........ccceeieeiierieriiienieeieesie et 40
2.3 Some Properties of Laplace Transform. ..........ccceevveeeiieeniiieeiieceee e 40
2.4 The relation between Sumudu and Laplace transforms. ..........ccocceviiiiiinennenn. 41
2.5 The Differences between Laplace and Sumudu Transforms. .........ccccecueeeveennnnn. 42
2.6 TUStrative eXaAMPLES. .....eevieriieiieeieeiie ettt ettt ettt e esbeesnaeeneens 43

v



2.7 The relation between double Sumudu transform and double Laplace

TrANSTOTIM. ... e 49
2.8 Fourier Transform of DerivatiVe. ........cceevuieiinienienienieeeciescee e 50
2.9 Some Basic Properties of Fourier Transform. ..........cccoccveevieniieiiiiniieieiieeien, 50
2.10 The relation between Sumudu and Fourier Transforms..........c.cccocceeiiiieninn. 51
2.11 Mellin Transform of Derivative. .........ccceeiieiiiiniiniieieecese e 53
2.12 Some Properties of Mellin Transform. ..........cccoocvevevierieeiiieniieeieeieeeeee e 53
2.13 The Relation between Sumudu and Mellin Transforms. ..........ccccevceeverienenee. 54
3. Fractional Sumudu Integral Transform. ..., 58
3.1 Introduction of the Fractional Calculus. ...........cocoeeriiiiiiiniiniiiiee 58
3.2 Riemann-Liouville Fractional Derivative: ...........ccoocueeiiieniiiiiiniieeeieeee 59
3.3 Derivative of Arbitrary Order. .........cccveviieiiierieeiieiie et 61
3.4 Some Properties of the Riemann-Liouville Derivative............ccccoevveevieiveennnnnne. 62
3.5 Caputo's Fractional DerivatiVe. .........cccevvieiierieeiiienieeieesie e evee e 64
3.6 Some Properties of Caputo Fractional Derivative. ........ccccoeieeviiniiinieiiienee 65
3.7 Special Functions of the Fractional Calculus...........ccoocoeiiiiiininiiie 65
3.8 Fractional Sumudu Integral Transform..........cccccocvveviiiiniiiiniieeeeeeee e 70
3.9 Some Properties of the Fractional Sumudu Transform............c.ccoccveveiiiennennne. 71
3.10 Sumudu Transform of the Riemann-Liouville Fractional Derivative............... 73
3.11 Sumudu Transform of the Caputo Fractional Derivative............ccocceverienennene 74
4. Some Applications of the Fractional Sumudu Integral transform..................... 79
4.1 INErOAUCTION. ..ttt sttt 79
4.2 Linear Fractional Differential EQuUations. ..........ccccoeevieriieiniieenieceee e 79
4.3 Existence and uniqueness of the Linear Fractional Differential Equations. ....... 80
4.4 Inhomogeneous Begley-Torvik Fractional Differential Equation. ..................... 82
4.5 Application to an integral production problem. ...........ccccoevveriiienieniiieniienieenens 85

4.6 Application of the Iterative Method for Time and Space Fractional Partial

Derivative EQuations (PDES). ......cooouiiiiiiiiiieceeeeece e 87
5. Conclusions and fUtUre WOTK .........cooooi oo 96
5.1 CONCIUSIONS. .ttt e e et e e e e e e e e e e e eeeeeeeeereeaeaaaeeeeeenaaes 96
5.2 FULUIE WOTK. ettt et e e e e e e e et e e e e e e e e e reearaaeeeeeeenaee 97
RETETEIICES ...ttt e e e et et e e s e s e e et aaareaeseseeesaaananeneeas 98



List of Symbols.

Symbol Definition
F(s) Laplace transform of frequency variable s.
F Fourier transform.
Hy Hankel transform.
M Mellin transform.
G(v) Sumudu transform of complex variable v.
1“ Fractional integral operator.
D¢ Fractional differential operator.
Dlo(t) Riemann-Liouville fractional derivative.
DE@(t) Caputo fractional derivative.
I'(m) Gamma function.
B (k,n) Beta function.
o(t) Function of time t.
E,(t) Mittag-Leffler function.
G,(v) Fractional Sumudu integral transform.

S,(x,t)

Double Sumudu transform.

vil




Introduction

Background:

Many mathematical tools have been discovered that help in finding mathematical solutions
in various fields. These tools are known as integral transforms, which have played a
significant role in simplifying the solution of complex problems and transforming them
into easy-to-handle algebraic problems. Among these transforms are the Laplace, Fourier,
Mellin, and Hankel transforms. These transforms are known for their effect in solving
ordinary and partial differential equations of integer and fractional orders, as well as linear
and nonlinear types, as well as solving complex integral equations. The effect of their
application has appeared in various scientific fields such as applied mathematics, physics,
and engineering. Scientists have not stopped searching for other transforms that are no less
important than the transforms that were previously known, which is considered a modern
transforms, is Sumudu integral transform (Gupta et al., 2010). (Duran, 2020) Mohaned
transform (Attaweel & Almassry, 2020), Anuj transform (Aggarwal et al., 2023), ZZ
transform(Mahgoub & Alshikh, 2016), Seji transform(Mehdi et al., 2023), and Kushare
transform(S. R. Kushare et al., 2021a).

The Sumudu transform was chosen as a subject of study because it has many interesting

properties, such as the scale preserving property and the convolution product property.

It is said that the reason for naming this transform the Sumudu transform is in reference to
the scientist Watugala Sumudu, was the first discovered it in 1993. It is said that the word
Sumudu means bright face in Sinhala (one of the languages of Sri Lanka) but the reason

for the name is most likely in reference to the scientist's family name.

Literature Review:

(Belgacem et al., 2003) introduced the Sumudu transform and some fundamental
properties, and used the transform to solve problems without resorting to the new frequency
domain. Also (Belgacem, 2004) covered some properties of the Sumudu transform and
studied integral production depreciation and indefinite population dynamics problems.
Moreover, ( Belgacem & Karaballi, 2006) generalized all existing Sumudu differentiation
integration, and convolution theorems. They introduced recurrence results and used
Sumudu transform in shift theorems, introducing a paradigm shift into the thinking of
transform usage, concerning solving differential equations that may be unique to this

transform due to its unit—preserving properties.



(Gupta et al., 2010) established a new definition of fractional-order Sumudu transform and
found a relationship between the fractional Laplace and Sumudu transform. In addition,
the researchers (Eltayeb & Kilicman, 2010) introduced some relationships between the
Sumudu transform and the Laplace transform and provided some examples regarding

second-order differential equations with nonconstant coefficients as a special case.

Kilicman et al.,(2010) introduced the Maxwell equations of time-fractional order in loss

media and used the Sumudu transform to solve these equations.

Kilicman et al., (2011) discussed the existence of the double Sumudu transform and studied
the relationship between the Laplace and Sumudu transforms. In addition, he applied these

two integral transforms to solve linear ordinary differential equations.

Kiligman & Eltayeb, (2012) studied the relationship between the Sumudu and Laplace

transforms and supported the comparison with some examples.

Darzi et al., (2013) solved Cauchy problems for differential equations with the Caputo
fractional derivative and solved of the fractional Diffusion-Wave equation by using the
Sumudu transform techniques. Poonia (2013) discussed the infinite Sumudu transform and
used the Laplace transform to solve linear ordinary differential equations with constant

coefficients with convolution terms.

Karbalaie et al., (2014) presented a new algorithm to find the exact solution of a nonlinear
time fractional partial differential equation, and combined the homotopy perturbation

method by using the Sumudu transform.

Kiligman & Altun, (2014) established a relationship between the fractional Laplace
transform and the fractional Sumudu transform and applied a new definition to solve
fractional differential equations. Furthermore, (Khalaf & Belgacem, 2014) showed the

extraction of the Laplace, Fourier, and Mellin transforms than the Sumudu transform.

Demiray et al., (2015) gave the properties of Sumudu transform method (STM) and
applied them to fractional-type ordinary differential equations, both homogeneous and
inhomogeneous ones. In addition, (Belgacem et al., 2017) treated the transverse
electromagnetic wave propagation in lossy media to get the transient electric field solution

of Maxwell's equations by using the Sumudu transform.

Amer et al., (2018) found the approximate analytical solution for a system of fractional

nonlinear equations of Emden-Fowler type by using the Sumudu transform method.
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AL-zahour et al., (2019) generalized the formula of the Sumudu transform to the
conformable fractional order and presented the general analytical solution of a singular and
nonlinear conformable fractional Poisson-Boltzmann differential equation based on the

conformable fractional Sumudu transform.

Saeed et al, (2020) discussed the kernel of the fractional Sumudu transform and its
relationship with the fractional Fourier transform, which plays a significant role in the
fractional Sumudu transform. (2020), Duran defined the degenerate Laplace transform and

the degenerate Sumudu transform and established some properties and relations.

Almohmoud (2022) presented some new applications of the Sumudu transform to solve

linear Volterra-type integral equations.

Problem statement:
How to apply the Sumudu transform to solve fractional-order differential equations, and

what is the relationship with some other well-known transforms?

What are the most important applications of such transform for ordinary and partial

differential equations containing fractional orders?

Dissertation Importance:
The importance of the study lies in how to solve fractional differential equations by using

Sumudu transform that are difficult to solve analytically by normal methods.

Main objectives:
1- Study the fractional Sumudu transform, introduce some fundamental theories, and some

properties.

2- Establishing the relationship between the Sumudu transform and some known integral

transforms such as Laplace, Fourier, and Mellin integral transforms.

3- Showing some applications of the fractional Sumudu transform, namely solving some

linear differential equations of fractional order.



Dissertation Structure:
In the first chapter, we will study the concept of the Sumudu transform, present some

basic and important properties, and some fundamental theorems and examples.

In the second chapter, we will illustrate how to extract the Laplace, Fourier, and Mellin
transforms from the Sumudu transform, we will introduce the relation between the Sumudu

transform and other transforms, and will give some illustrative examples.

In the third chapter, we will study the concept of the fractional calculus, such as the
definitions of the Riemann-Liouville and the Caputo fractional derivatives, we will present
some of their properties and illustrative examples, and will introduce some important and
special functions in fractional calculus. We will study the concept of the fractional Sumudu
transform and present some of its basic properties in the sense of the Riemann-Liouville

derivative and Caputo derivative.

In the fourth chapter, we will introduce some applications of the Sumudu transform in
solving some ordinary and partial differential equations, Also, we will present solutions to

some fractional-order differential equations.

In the fifth chapter, we will present the conclusions of reached through our study. Also,
we will explain the future plan to study some advanced topics for converting fractional

Sumudu transform in multiple fields.



Chapter one

Sumudu Integral Transform and some of its
properties.




1. Sumudu Integral Transform and some of its properties.

1.1 Introduction.

Over the years, many integral transforms have been discovered in the literature,
including Laplace, Fourier, Hankel, and Mellin transforms. These mathematical tools are
basic in solving complex problems across different fields, such as mathematical physics,

engineering science, and applied mathematics.

Laplace transform is one of the oldest and the most used integral transforms, the
origin of this integral transform, can be traced back to the 18t century when P.S.
Laplace (1749- 1827) developed it within the framework of probability theory in
1780. It became a basic technique for solving ordinary, partial differential equations,

and integral equations.

Definition 1.1: The Laplace transform of a function ¢(t) is defined for t > 0, is given

by:

(0]

F(s) = L[p®)] = j p(t)e stdt, Re(s)>0. (1.1)
0

Where eS¢ is the kernel of the transform, and s is a complex number.

The French scientist Joseph Fourier (1768-1830) presented his famous thesis,
published in 1822. This work introduced the modern mathematical theory of
differential equations, along with Fourier series and Fourier integrals, including
many applications. He also provided a series of examples. Among these
developments, he gave a clear formula for the Fourier transform and its inverse, and

considered the second-oldest integral transform after the Laplace transform.

Furthermore, contributed greatly to solving ordinary and partial differential
equations. It also played a fundamental role in addressing integral equations,

particularly in applied mathematics, control engineering, and mathematical physics.

Definition 1.2: The Fourier transform for the function ¢(x) is defined for all real

values of x, is given by:

Flo(x)] =Fk) = f e **p(x)dx , k€R (1.2)

N‘H
=)

o)}



The scientist Hermann Hankel, a student of J. Bernhard Riemann (1839-1873),
introduced a new mathematical transform known as the Hankel transform. He
demonstrated that it is possible to derive this transform from the two-dimensional
Fourier transform in symmetric coordinates. The Hankel transform plays a major

role in solving boundary value problems in polar and cylindrical coordinates.

Definition 1.3: The Hankel transform for a function ¢(t) , of order n, is defined as:

a

Hofp(®O] = ¢, (th;) = j t (tk)p (D). (13)

0
where J, (tk;) is the Bessel function of the first kind of order n, and is given by:

tki 2m+n

Jn(thy) = Z ml F((Tr_li):ll+ 1)< 2 )

m=0

At the same pace of mathematical development that accompanied the nineteenth
century, the scientist Mellin (1854-1933) introduced another mathematical
transform, known as the Mellin transform. This transform is no less important than
the Laplace and Fourier transforms. Mellin also derived its inverse formula, which
is used to solve initial and boundary value problems in ordinary and partial

differential equations.

Definition 1.4: Let ¢(x) is areal valued function defined on (0, ) , then the Mellin
transform of the function is defined as:

[ee]

Mlp] = 9 @) = [ oG (14)
0
Where p is a complex number. (Debnath, & Bhatta, 2015)

The twentieth century was also full of many modern transforms, which had the same
importance as the transforms mentioned above. These transforms played an
important role in the mathematical sciences and control engineering. In the late
twentieth century, specifically in 1993, the scientist Watugala introduced a new

transform known as the Sumudu transform. This transform played a major role in



solving major problems in astronomy, control engineering, and applied

mathematics.

Through the Sumudu transform, the time function can be transform into a complex
function using a complex variable known Sumudu variable. Additionally, this
transform simplifies differential equations, whether ordinary or partial, by
converting them into algebraic equations that are easier to solve using known

methods.

Moreover, there are other new transforms, including Kushare, Anuj, Aboodh,

Mohaned, El-Zaki transforms, and others.

The Kushare transform comes from the Fourier transform and is used to solve
ordinary and partial differential equations. It has a simple mathematical structure
and useful properties, making it an effective tool in this field. Also related to other
transforms, such as El-Zaki and Mohaned transforms, in handling mathematical
equations.

Definition 1.5: The Kushare transform is defined over the set:

Itl
A= {(p(t)laM,Tl,Tz > 0 |§0(t)| < MeTi s l’f S (_1)l X [0, OO),l = 0;1}
By the formula:

Klp(x)] = Wf (e dx =Sw), x>0,k <w<k,. (1.5)
0
Where M must be finite, k,, k, may be infinite, w > 0, and w can be a complex number

(S.R. Kushare et al,, 2021).

In addition, the Anuj transform(Rashdi, 2022) is a modern integral transform used
to solve differential equations with variable coefficients. Also, it is known for its
ability to handle complex mathematical problems without requiring complicated
computations. This transform depended on a piecewise exponential function,

making it useful for various mathematical applications.

Definition 1.6: Let ¢ (x) is a piecewise continuous exponential order function, then

the Anuj transform is defined as:



oo

Alp(x)] = uzf ew p(x)dx = p(u), u>0. (1.6)

0

where u is a real parameter.

Aboodh transform(Aboodh, 2013) is a modern transform derived from the Fourier
integral and used to solve ordinary and partial differential equations. This transform
has the property of mathematical simplicity and effective properties in making these
processes easier.

Definition 1.7: The Aboodh transform is defined over the set:

It
By the formula:

Alp(x)] = %f p(x)e ™™ *dx =K(w), x=0K <w<K,. (1.7)

0
Mohaned transform (Verme & Verme, 2023) is a newly developed transform,
defined by its exponential order, and used to solve linear and nonlinear differential
equations by changing them into algebraic equations. This transform has many
applications, particularly in physics, where it is used to solve Newton's law of

Cooling, and different problems in science and engineering.

Definition 1.8: If the function ¢(x),x = 0 is having an exponential order and is a
piecewise continuous function on any interval, then the Mohand transform of ¢(x)
is given

oo

Ml[p(x)] = wzf p(x)e ™ dx, w € [kq,k;]. (1.8)
0

Among these, the El-Zaki transform (Elzaki & Elzaki, 2011) originated differently
from the Sumudu transform. It is one of the methods used to solve systems of
ordinary differential equations, demonstrating its efficiency in this field. Moreover,

it has been widely applied in science, engineering, and astronomy.



Definition 1.9: Let ¢(t) be a function, then the El-Zaki transform is defined as:

(0]

Elo(0] = w f o()ew du=TW), we (=l,1L), 1,1, >0  (19)

0

Furthermore, to the transforms previously mentioned, numerous modern
transforms were discovered recently, such as the Sara transform(Patil, 2024). The
researcher introduced a solution for some problems in physics and the derivative of
some functions by using Sara transform, ZZ transform(Sarah Th. Alaraji, 2025). Sara

transform was used to solve Volterra equations of the second type.

Also, the Seji transform(Mehdi et al.,, 2023), as presented in this paper the definition
of SEJI transform and some examples for solving the different initial value problems,
and the Natural transform(Al-Omari & Araci, 2021). They introduced the definition
of the generalized Natural transform, some properties, species of Bohemian's, the
convolution theorem, convolution products, and described them in the form of
auxiliary results. These transforms help to expand the use of integral transforms in
solving differential equations and improving their applications in different

mathematical and engineering fields.

1.2 Sumudu Integral Transform.

Definition 1.10: The Sumudu transform is defined over the set:

Itl

B = {p()|3M, 71,7, > 0.p(t)| < Me™i , if t € (=1)' x [0,00),i = 0,1}

By the formula
G(w) = S[p®)] = foooq)(vt) e“tdt,ve (—-1,,1,). (1.12)
Equivalently:
Gw) = S[p(0)] = % f P(D)evdt,v € (11, Ty). (1,13)

0

Where M must be finite, 71, T, may be infinite, v > 0, and v can be a complex number.

(F. B. M. Belgacem et al., 2003)
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1.3 Existence of the Sumudu Integral Transform.

Theorem 1.1: (Poonia, 2013)
If @(t) is of exponential order, then its Sumudu transformS[¢(t)] = G(v) is given
by

o)

1 —t
6) = Slp(0] == f p(evd, ve(~1y1).
0

Where % = %+ i The defining integral for G exists at points % = % +% in right half
planl >2 andi>2
u k T l

Proof:

By % = i + f and we can express G(v) as

G(v) = Ofm(p(t)cos (;) e%dt — iojogo(t)sin (;) e_ftdt

1 1
Ther for values of m > —»We have

f 20 cos (£)|e:dtSMf e p(eyat < (%)

And

r AN ‘ (2-2): Muk
fl(p(t)l |Sm (—>| erdt <M | e\k Wp(t)dt < (—)
T u—k
0 0
Which imply that the integrals defining the real and imaginary parts of exist for value

of Rei > % , the derivation is complete.

1.4 Sumudu Transform of Derivative.
Theorem 1.2: (Tuluce Demiray et al., 2015)

If G(v) is the Sumudu transform of ¢(t), then the Sumudu transform of its integer-

order derivative with constant coefficients is given by

11



n-—1

G(v) — v

m=0

md o)
dtn

s [dn‘p(t) = pn (1.14)

dtm

Proof:

The Sumudu transform G (v) of the first derivative of the function ¢(t) is given by

oo q

do(t 1 (de(t 1 (do(t
s[ o) z_f <p()e_t/vdt=hm_J ?® -
dt v dt qoo v
0 0

Using integration by parts:

et u=e v=du= %le_t/v dv,

do(t)

dv = =v=0(
v=— = =9
Then
. 1 [9de(t) -t .1 ~t/ ° 17
llm;fo It Bth—‘;l_r)Elo ;e "<.0(t)|0 +§foe v (t)dt
q—oo -
1 1(1 ;
-t *® —t
= lim |- e Tvo(t ——f v p(t)dt
i |5 e o], 45l ) e

0

q
! (0) + 1i ! 1J v o(t)dt
‘UQD QI—{EO‘U v € @

0

Gw) -0
_ () — o( ) (1.15)
%
Then the Sumudu integral transform of the second-order derivative is:
?ot)] _ Gw) —9(0) —vo ©
S = 1.16
I dt? v? (1.16)

In the same way, we can derive the general formula for the Sumudu transform of any n-
order integer derivative:
n-1

G(w) — v

m=0

m 4" (0)
dt®

de(®)1 _  _,
acr |-V

12



Theorem 1.3: (Eltayeb & Kilicman, 2010b and Belgacem & Karaballi, 2006)

Let ¢(t) € B, and G(v) is Sumudu transform of the function ¢(t), then the Sumudu

transform of the non-constant coefficients is given by:

d
1.S[te(t)] = vd—v(vG(v)). (1.17)
2.S[te' (t)] = v? % lwl +v lwl. (1.18)
S[te"(0)] = v2 - lG(v) <p(0) —¢ (0)] lG(v) <p1(72) AVl (119)

4.5[t%¢p" (t)] = v*

2

d* [G(v) — ¢(0) — ¢'(0)
dv?

43 % lG(v) —~ q)l(fz)) —~ <p’(0)l +2p? lG(v) — <p1(](2)) —~ <p’(0)l (120)
5.5[t"@™(t)] = v"G (v). (1.21)
Proof:

S[te(®)] = f(vt)(p(vt)e‘tdt
0

(o]

B J (tp(wt))e~tdt — vtp(vt)e™ |7
0

[ d
f T tp(vt)e tdt =vf (p(vt) + vte'(vt))e tdt
0
d[vG(v)]
Slte ()] —v[a(v>+v—c< )| =2

G(w) — 9(0) Y I R G
2. dvl—l o' (e /dt—of%[;e /]<p (t)dt

1 3 , —t 1 r ' -t
=?ft(p (He /th—ﬁjgo(t)e Iode
0 0

1
=2Slte’ (O] = Sle" (0]

13



S[to' (0] = > L [G(v) <p(0)

|8 (v) — ¢(0)
v
Similarly, we can prove the properties (3) and (4) by the same steps as (2).

5.G,(v) —f —p(vt)e” “tdt, n=123,..

o)

= f t" o™ (vt)e~tdt,

0

- — [ j COR (vt)e-tdt] —s[tre™(1)]

6:(0) = S| ™(O)]
S[t”(p(")(t)] =v"G,(v).

This theorem helps in solving differential equations with variable coefficients, making it
useful in analyzing dynamic systems in physics and engineering, and applications in

electrical engineering and signal processing.

1.5 Inverse Sumudu Transform.

Definition 1.11: If G (v) is the Sumudu transform of a function ¢(t), then the inverse
Sumudu transform is the operation that recovers the original function from its
transform and is defined mathematically by:

a+ico
o(t) = S7G(w)] = zim f G()evdv, (1.22)

a-ico
There are several methods for finding the inverse Sumudu transform, the most
common being the use of standard transform tables, or decomposing the function into
partial fractions to easily obtain the inverse of each term. Operational properties such
as shifting, differentiation, and integration can also be applied, while in the general
case, the direct contour integral formula (Bromwich path) in the complex plane may

be used.

14



Theorem 1.4:(Poonia, 2013)

Let G(v) and F(v) be the Sumudu transform of continuous functions ¢(t) and h(t),
respectively. If F(v) = G(v), then ¢(t) = h(t) where v is a complex number.

Proof: If c is large enough, then the integral representation of ¢ by

a+ioco
1
0o©) =5 FW] =5 [ Fwethdy,
a—io
Since F(v) = G(v) is almost everywhere, then:
1 a+ico d
v
0© =56W] =5 [ Gweh,
a—ioco
Using the Laplace transform.
F(s) = f e St p(t)dt,
But z = st = dz = sdt
F(s) = f z _ dz
s)= | eQe"
Letv = z
N
1 a+ico 1 d
s
= — — -st __ —
(0 21l J G (s) ¢ % h(O).
a—1Loo

Theorem 1.5:(F. B. M. Belgacem et al., 2003)

Let ¢(t) € B and suppose that either %im @(t) or tlim @(t) exists. Then:
-0 —00

lim G(v) = lim @(t), (1.23)
v-0 t—0

lim G(v) = gim o(t). (1.24)
vV—>00 —00

Proof:

The first limit can be obtained as,

15



o)

lim G(v) = limf p(wt)e tdt = f [lim (p(vt)] e tdt
v-0 V-0 v-0
0

0

Let z = vt,
= f [lim <p(z)] e~ tdt = lim <p(z)f e~ tdt = lim ¢(2)
z—0 z—0 z—0
0 0

In the same way,

lim G (v) = f |lim p(vt)| e~tat = f | 1im p(2)| e~tdt = lim p(2)
V-0 V-0 V—00 Z— 0
0 0

A similar argument yields the negative counterpart to (1. 24)
Jim G(v) = lim ¢(t) (1.25)
When the right-hand side of (1.25) exists.
This theorem is known as the initial and final value theorem.
Corollary 1.4:(Belgacem & Karaballi, 2006)

Let ¢(t) € B, then the relation between the Laplace transform F(s) and the Sumudu

transform G (v) is given by

@) )= %F (%) (1.26)
(i) F(s) = %G(%) (1.27)

Theorem 1.6:(F. B. M. Belgacem et al., 2003)

Let ¢(t) € B, @(t) is a T-periodic function, then the Sumudu transform of the function
@(t) is given by the formula:

T/ _
Vo(vt)e tdt
s(oto) = 210

(1.28)

Proof: the Laplace transform of a T-periodic function ¢(t) is given by:

fOTe_Stgo(t)dt

Lle®] = =7 o

Note that

16



T T/v

fe_“(p(t)dt = vf e to(vt)dt

0 0

and that in particular,

T/
1—e = f e~tdt,
0

By using the relation in (1.26) and (1.27),

_ T/ _
1 B fOTe t/vgo(t)dt B J, T e tp(vt)dt
G(v) _;[L((p(t))]s=% - v[l_e_T/‘y] - 1 _e_T/p

For example, ¢ (t) = sin(t), the theorem (1.6) predicts that

2
Jy " e~ tsin(vt) dt

S(sin(t)) =

1—e
Zn/v _
f iy de < ZE=€
e tsin(v = T2
0
If v = 2m, then
1
e 21 —e™1]
f e sm(Znt) dt = W (129)
0
Theorem 1.7:(Belgacem & Karaballi, 2006)
Let ¢(t) be the power series function, and equal:
p(t) = ) apt™, (1.30)
m=0
By using the Sumudu transform of the function ¢(t), then
G(v) = Z m!a,v™. (1.31)
m=0

Proof: Replace ¢(t) by its Taylor's function expansion, we obtain

17



= Z m(()) v"I'(m+ 1)

= i ™ (0)v™
l l
S[(1+0) =5 Z — (z -l Z " Zop;nvm

The result denotes that the Sumudu transform converts combinations Cj, into

permutations BY, which may increase the complexity of discrete systems.

Furthermore, for S[¢(t)] to converge within an interval containing v = 0, must be

satisfied the conditions:
(1) ¢™(0) - 0 asm — oo,

(m+1)
. |e (0)

m-—oo

This means that the radius of convergence r of the Sumudu transform depends on that r
the convergence radius of S[¢(t)] depends on the sequenceof the function's derivatives

at zero, given by:

(p(m+1) (0)

r = ll —_—
p™(0)

m-—oo

Thus, can be used the Sumudu transform effectively in signal processing and as a

detection tool, particularly in scenarios where the original signal a decreasing power tail.
Collarly1.2: (F. B. M. Belgacem et al., 2003)

Let H(t — b) be the Heaviside step function, and defined as:

H(t—b) = {10 i?tt::.' (1.32)

6(t — b), it is called the Dirac delta function, where §(t) = fot(p(t)dt, the Sumudu

transform of both functions are given by:

18



() S[H(t — b)] = e~P/7. (1.33)

[
<&

(i) S[6(t — b)] = 67 (1.34)
The Heaviside function is known to be the antiderivative of the Dirac delta function.
Theorem 1.8: (First Shifting Theorem)(F. B. M. Belgacem et al., 2003)

Let ¢@(t) € B, then the Sumudu transform of et (t) is given by:

1
S(ep®) = ——6 (=) (1.35)

Proof: The Sumudu transform is defined as:

(0]

S(eCt(p(t)) = f (p(vt)ecvt—t dt = J (p(vt)e—(l—cv)t dt
0 0

Let
z=(NQ-cv)t=t= .
1—cv
Substitution in the integral, leads to
1 ‘ vz 1 v
S(e“o(t)) = f “Zdz = G :
(e o( )) 1—-cv <p(1—cv)e z 1—-cv (1—cv)

0

Theorem 1.9: (Second Shifting Theorem) (F. B. M. Belgacem et al., 2003)

Let @(t) € B, and let F(s) and G(v) denotes to the Laplace and Sumudu transforms of

@ (t) respectively. Then, the Sumudu transform of the function:

h(t) = {5’,’(’: b ZZE ) (1,36)
is given by:
S(h(®) = e "G (v). (1.37)
Proof:
By applying equation (1.32), the function h(t), can be written as
h(t) = H(t — b)(t — b) (1.38)

The Laplace transform of the function h(t), is given by:
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L(h(®)) = e7PSF(s) (1.39)

Using the relationship between Sumudu and Laplace transforms from equation (1.26),

then:

b/v F(lT/”) — e b/G(v), (1.40)

S(h(t)) =e”
Theorem 1.10: (F. B. M. Belgacem et al., 2003)

Let o(t) € B, and let the Sumudu transform of the function @(t),is G (v). Then,
t v
1 1
S ?f p(t)dr) | = f G (uw)du. (1.41)

v
0 0

Proof: The proof can begin with the right-hand side:

1 v 1 v . 1 v co
—] G(wdu = —jf @ (ut)e tdtdu =—] e‘tJ @ (ut)dudt
v vy o v 0

Let
Z
zZ=utt=—,
u
then
v co co v
1f -tf (t)ddt—fe_tf % ar
- e @(ut)dudt = > o(z .
0 0 0 0
[} vt
—fl ‘tf (2)dzdt
= vte @(z)dzdt,
0 0

t

= f%[f <p(z)dz] e tdt=S§ %f(p(r)dr :
0 0

The above theorem shows that the average of ¢(t) over the interval [0, t] is mapped,

under the Sumudu transform, to the average of G (1) over the interval [0, v].
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1.6 Some Properties of the Sumudu Transform.

There are many mathematical properties related to the Sumudu transform that help
facilitate mathematical operations and shorten complex operations, but we will mention

the basic properties of this important transform, as follows:

1. S[a] = a, a constant. (1.41)
2. S[t] =v. (1.42)
1
.S[e®] = 1.43
3.5[e] = T—— (1.43)
vm
4.5[t"]=— ,m=12,... (1.44)
m!
. av
5.5[sin(at)] = m . (1.45)
. = —_—, 1.4
6.S[cos(at)] T a2 (1.46)
7.5[sinh(at)] = —— 1.47
.S[sin (a)_l—azvz' (1.47)
8.S[cosh(at)] = 1——0,2172 , (148)
9. Linearity property:
Let ¢, h be two functions, then:
S[B1p(t) + B;h()] = B1¢[v] + B H[v] (1.49)
10. The convolution product property:
S[(e * ()] = vo(W)H (V). (1,50)
Proof:
t (0]
1 = ale v
1S[a]=—f aev dt =—|— ale’ —e ] =a
v, 1
vlp

Integration by parts:

21



o o] t
1| ev ev © ¢
S[t]:;t_l —f 1dt‘=—f ev dt =v[e® —e *] =v.
0
o O

v

1 (o]

1 . 1| oG-t
e evdt = —f e GGt = — [
v) VI-G-a)

(0]

w
el
Q

Q
)

|

S
3

0

1 v 1
— % =
v 1—av 1-—av

1 r =t
4.5[t™] = ;] tMev dt =
0

Also, integration by parts:

t

=t e
u=t"= du=mtm1 dv=evdt > v=—
v
Then
t|® o] (o]
1 e v m =t -t
=—[t"*— —_—1f thlevdt =mftm‘1evdt,
v - -1
v g v 0 0
Integration by parts,
vm
S[t™] = —.
m!

(o]

1 _
5.S[sint(at)] = ;J sin(at)e Yo dt =
0

Let
-t
-t v
u = sin(at) = du = acos(at)dt, dv=evdt > v =—
v
Then
o _t]® o
. -t/ . e v a -t/
sin(at)e /vdt =sin(at) —| + > cos(at)e vdt,
0 v, 0
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o)

a —t/
=O+; cos(at)e 'vdt,

0

Also, integration by parts:

ev 1 (at) (at) av
———(——sin(at) — acos(a =—
(—l)2+a2( v 1+ a?v?
v 0

Similarly, we can prove the properties (6), (7), and (8) by the same steps as in (5). (Jasim
etal., 2023)

SR

9. S[B19(8) + Bh(t)] = f[quﬂ(t) + Byh(6)] e Tvdt,
0

o] [o9]

1 - 1 _
=;f B,(t)e t/vdt+;f B,h(t) e Tvdt,
0 0

B, [ _ B, [ _
=7lj o) e t/vdt+72JBzh(t)e “Iodt,
0 0

= B,¢(v) + B,H(v). (F. B. M. Belgacem & Karaballi, 2006)

oo

10.5[(¢ * ()] = f 9(DA(t — 7)dr,
0

Laplace transform of the convolution theorem is given by:

1
L((p * WD) = S M(K(s),

By the duality relation,

1
S(p*h)(®) = ;13((4) *h) (1))
And since

, G(v) =

F(v) = M(i/V) K(i/v)

Then the Sumudu transform of the convolution ofgp and h is:

M(1/v) x K(1/v)

S(lpx®) =

-
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_ MQA/v)K(1/v)
VT v

= v¢p(v)H(v).
In addition to the properties mentioned above, we will present Sumudu transform of

some functions in the following table, facilitating their use in solving practical

problems. (F. B. M. Belgacem et al., 2003)

Table 1.1 Sumudu transform of some functions.

@(t) G(v) = S(p1)
tn—l le—l
(n—1)!
1 n—-1
t"le® n=12,. v
(n—1)! (1—av)"
1 3
—e%(1 + 2at)
Vit v'/2 1- av)3/2
1 . v
Esmh (at) 1— a2p?
1 ) v
Ee“tsm (zt) (1— av)? + 2202
e%cos (zt) 1—av
(1 - av)? + z?v?
t 2
—sin (zt) v
27 (1 + z2v2)2
1 3
—— (sin (2t) — ztcos(zt)) v
2z (1 + z2v2)2
: Vv
o
H(t—b) e Pl
6(t—b) le—b/v
v
Jo(2Vkt) e
Jo(at) 1
V1 + av?
2 1
- (1 — cos (zt)) ;ln(l + z%v?)
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@(t)

G(w) = S(e®)

1 1 1
—sin (zt) —arccot—
t v v

1 2
— sin (kt)sinh (kt) _v
2k 1+ 4k*v*

1 3
— (sin (kt) — sinh (kt)) v
2k 1 — k4pt

%(1 — cosh (at))

1
—In(1 — a?v?)
v

L (2t — sin (20) v’
7t sm ) T
1
bt_b at b
a—py e —be®)a# (1 —av)(1—bv)
%
t _ bt
(a—b)(ea e”),a#b (1—av)(1 - bv)
1 1 1—av
(bt _ at -
t(e ™) vlnl—bv
vZ

ﬁ (cos(at) — cos(bt)),

(14 a?v?)(1 + b?v?)

a? # b?
o at 1
1—av
tm v™
ml
sin (at) - avz _
+ a“v
cos (at) 1
1+ a?v?
sinh(at) av
1 — a?v?
cosh(at) 1
1 — a?v?

Corollary 1.3: (F. B. M. Belgacem & Karaballi, 2006)

Let h(t), g(t), f(t), f1(D), f5(L), ... ... , and f,,(v), and assume they have the Sumudu
transforms H(v),G(v), F(v), F;(v), F,(v), ... ... , and FE,(v), respectively. Then, the

Sumudu transform of
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(@ * R)™(¢) = ffo fo @(D)h(t — T)(d7)" (1.51)

is given by
S((h = ™)) = v"H()G (v). (1.52)

For n > 1,
SIfy * fo %o ()] = v IE, (W F,(v).... B (v). (1.53)

If n = 3, then triple convolution functions (h * g * f), by the Sumudu transform is given
SL(hxg=f)(t)]=v?HW)GW)F ).

Examplel.1:(F. B. M. Belgacem & Karaballi, 2006)

Solve the following initial value problem by the Sumudu transform:

W o1 0) =0
dt <P—: ‘P - Y-

Solution: By using equation (1.15), then

6D =00 gy -y
¥+ Gv)=1
G +v) =v= Gv) = 1Z—v
1
G)=1- 1+

Taking the inverse Sumudu integral transform of this equation
pt)=1-—e7".
Examplel.2:(F. B. M. Belgacem & Karaballi, 2006)

Solve the second-order ordinary differential equation:

d?x(t)
dt?

+k%x(t) =0

Solution: Taking the Sumudu transform of this ODE,
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G(wv) —x(0) x'(0)
v

= +k?G(v) =0

G(w) —x(0) —vx'(0) + v2k?G(v) = 0

G()(1 + v2k?) = x(0) + vx'(0)

1 , v
CW) =xO) 5z T X O 17

The inverse Sumudu transform

!

x'(0)

x(t) = x(0)cos(kt) + .

sin(kt).

Example 1.3 (Eltayeb & Kilicman, 2010b) :Solve the initial value problem:
") — @) =0
9(0) =2, ¢'(0)=-1

Solution: By using the differential equations (1.16), then

Gw)—2—-v(-1)
172

—-Gv)=0

Gw)—2+v)—v?(G(w)) =0

CGwWA-v)=2-v

G(v) = 2—v
YAy
2—v
G(v) =
W =awa+v
By using partial fractional decomposition
2—-v A B

(1—v)(1+v):1—v+1+v

a=tp 3
)
Then
G()_1 1 +3 1
VT v 21+ v

Taking the inverse Sumudu transform,
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() =3¢ +5e
PrE=g¢e T

Example 1.4:(Eltayeb & Kilicman, 2010)
Solve the differential equation:

d?x dx d?5(t—1)

— —3—+2x=6(t) + TS + sin(t)H(t). (1.54)

With the initial conditions x(0) = 0,x'(0) =0
Solution:

The Sumudu transform of the function x(t)is given by:

(0]

Sx()=6w) = J x(t)e "t dt.

0

S <d2x> _ G() —x(0) —vx'(0)

de? | 2

)

S (dx) _ G(v) — x(O).

dt v
d25(t —1 o
S(8(t)) = 1,5( g;z )> - evz S(sin (6)) = 7 :vz

(G(v) —x(0) — vx'(O)) 4 (G(v) — x(0)> +26(0) = 14 e v v
1%

+
v2 v2 1+ v2

1 v
+
v2 1+ v2

1 3 e
6w (5 -+2) =1+
v v
v? e v v
+ +
1-3v+2v?2 1-3v+2v?2 W?+1)(1-3v+2v?)

3
G(v) =

Using Laplace transform and replace v by %

1 s2e”s S
G (—) = + +
s (s2—=3s4+2) (s?—3s+2) (s?24+1)(s?—3s+2)
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For the termin G G), by using partial fractional decomposition,

1 __A B
(s2—3s+2) s—1 s-—2

N
(s2—35s+2) s—1 s—2

-1 N 1
s—1 s-2

L‘l[ ] = —el + e

For the second term, by applying the Cauchy residue theorem,

x(t) = L7YF(s)] = Z Residues of (s) YeSt at all poles

s2e~S

L1 [(S T Z)l = z Residues of G-DG-D

Polesats = 1,s = 2, we have

—-S ,St -1,t

s?e e e

Res; =Sli_rpl(s— 1) G-DG_2) = _1e — _pt-1
s?eSest o202t
Res, =Sli_r312(s—2) G-DG_2) =——7 — p2t-2
For the third term, by using partial fractional decomposition
S _As+B C D

(s2+1(s2—=3s+2) Z+1s-1 s5-2
(s?=3s+2)=(s—1D(s—2),
(s2+1)=(s—i)(s+10).
then

s=As+B)(is—1D(E—-2)+C(*+1D)(s—2)+D(?2+1)(s—1)
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2=(AQ)+B)R2-1D2-2)+Cc((2*+1D2-2)+D((2*+1D(2-1)

2
2=0+0+5D=>D=§

-1 2 3
S=0=>0=ZB—2C—D=>ZB=ZC—D=2(7>+—=>B=——

s=i=i=Ai+B)>{-1D{i-2)
=i=BA+B)+i(A-3B)= A= -3B

Then

1
A—3(—3A)=1$A+9A=1=A=E

Substitution in third term

1.3 1 2
S =1os 0__2 ,_5
(s2+1)(s?—-3s+2) s?2+1 s—-1 s-2

1 3 1 2
—s—= = z 1 3 1 2
—-1110 10 2 5 : t 2t
— - t) — — t) —— _
31 s-1ts5-2| 10O gsin(@®) —ze Fge

Then the solution of equation (1.54) is given by

2 5
+ (4€?72 — e HH(t - 1).

x(t) = (—et + e?t — let + EeZt + %(cos(t) - 3sin(t))> H(t)

x(t) = (—Eet + zeZt + L (cos(t) — 35in(t))> H(t) + (4e* 2 —e"HH(Et - 1)
2" 5 10 '

Verification:

After solving, we verify the solution by checking the initial conditions:

x(0) = (—;eo + gez(o) + % (cos(0) — 35in(0))> H(0)

+ (4€2@72 — 01 (0 — 1).

3 7 1 15 15
x(0) = =>4z +—=

25 0" 1010 Y
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This example applies the Sumudu transform to solve a differential equation with special
functions. Using the residue theorem, the time-domain solution. This method is useful in

engineering and physics for analyzing dynamic systems.

1.7 Double Sumudu Integral Transform.

Definition 1.11:(Kilicman & Gadain, 2010)
Let @(x,t);t,x € R, , the function can be expressed as a convergent infinite series,
then the double Sumudu transform G (u, v) is given by:

1

G(uw,v) = S3[px, )] = e

ffe u'y (p(x t)dxdt. (1.55)
0 0

1.8 Existence Condition for the Double Sumudu Transform.

Theorem 1.11: (Bodkhe & Jagtep., 2022)

If @(x,t) is of exponential order, and let the Sumudu transform of the

function S[@(x, t)] = G(u, v) exist, then the double Sumudu transform is given by

60w = S,lpe,0] = — [ [ e e e,
00
Where
1 1 i 1 1 i
—=—+—’ —=—+_
u n T vopo§
at the point l+l=l+l+£+i,inthe half plane 14is142
u v n wu 7t £ u v a b
Proof:

Usingl=l+£andl=l+i,then
u n T v u &
X t\ _x_t
G(u,v)sz(p(x,t)cos (;+E>e n wdxdt
0 0
cr t\ _x_t
—ijfgo(x t)sin +E>e n kdxdt,
0 0

. 1 1_ 1 1
Since =+ -> =+ 5, then
u v a b
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ffl(p(x t)l‘cos( )‘e m #dxdt<foe dxdt
00 00
<N (20 ()
n—a/\u—»n
And
x t
ffl(p(x,t)}| ‘sin(; E)‘e n #dxdt<Nf f e dxdt
00 00

M=) )

This means that the integrals of ¢(x,t) defined over the real and imaginary parts exist

1 1 1 1
(—+—)>-+-.
u v a b

This theorem presents the existence condition for the double Sumudu transform.

for the values:

1.9 Double Sumudu Integral Transform of Derivatives.

We will introduce some derivatives of the first-order double Sumudu transform

to n partial derivatives.

Let S,[o(x, )]

= G(u,v), then

L5, :aq);a;, 0] _Gwv) —uS[<p(x, 0)]’ (1.56)
2.5, :awgﬁz. 0] _Gww) —US[fp(t, 0)], (157)
3.5, :%_ = —G(u,v) —Z%S :%, (1.58)
4.5, :%_ =inc;(u,v) - N —S _%l (1.59)
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Proof:

do(x,t 1 cr x t do(x,t
1.52[4)( )=—ffe <p( )xdt
uv
00
Using integration by parts:
Let
x,t 1 x,t
u= e_(ﬂ 5) = du = ——e_(ﬂ E)dx
u
do(x,t
dv = (p(gx ) = v =¢(x1t).

Then the integral becomes,

v (0)0 - Loogo(t, X) (—%e_(%’%)) dxl,

5,220 _ 6 ~Slo.0)
z 0x h u |

Following the same steps, we can prove the rest of the points even n from the limits.

(Jasim et al., 2023)
Theorem 1.12: (Kilicman & Gadain, 2010)

If the double Sumudu transform of ¢(x,t) is given G (u, v). Then, the double Sumudu
transform of non-constant coefficients is given by:

n

1.5[x"p(x,t)] = Z U —G(u V), (1.60)
k=0
PL
2.5[t"p(x, )] = v Zb vl—G(u V), (1.61)
n k+1
nym — ., N,,m npm, k.l
3.5 [x"tMp(x,t)] = u™v Zak b"u*v aukle(u,v). (1.62)

k=0
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Where af =1, ar=1af=nln =1, all_;=n* , api=ai{+(n+
k)a}™!, similarly for b forany k,l =2,3,..,n—2 andl =2,3,..,m—2, b} =
bt + (m — DL (1.63)

Proof:

The method of mathematical induction can be used forn = 1,m = 1 of equation (1.60)
and (1.61) and similar for equation (1.62), and is true forn = 2, m = 2, and to perform
this method to assume that the equation (1.63) applies to m and n and can prove that for

equation (1.60) and (1.61) are true forn + 1,m + 1.

oG(u,v
LS, [x"o(x, )] = Sy[x[x"(x, t)]] = u? % + uG (u, v)
a n n ak
_ k
= a—z ””‘—G(u v)+u”+lza’,2u WG(u,v),
k=0 k=0
n
kG (u,v k16 (u, v
= u2 Z a;} (n + k)un+k 1 % un"'k %
k=0

n

WY k= 6w, v)
k=0
n n
kG (u,v k16 (u, v
— un+1 z azl (TL + k) k a( - ) n+1 Z alr{luk+1 auk(-l-l )
k=0 k=0
n ak
k
+untt Z apu WG(u, V)

k=0

n n
%G (u,v %G (u,v
=™ g (n+ ke + Du k—a( bY) | e > a,’:uk+1—auk(+1 )

n+1
k
— ,,n+1 n+1 ka G(u,v)
=Uu a, ~"u —x
Jdu
k=0

The remaining equation (1.61) can be proven in the same way, but as a special case when
n=1m =1, then

,0G(u,v)

7u + uG(u, v). (1.64)

SZ [xfp(x; t)] =u
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dG(u,v)

S:[te(x, )] = v? ™

+ vG (u, v). (1.65)
Theorem1.13:(Eltayeb & Kilicman, 2010)

If the double Sumudu transform of S,@(x,t) = G(u,v), then the second partial
derivative of ¢(x,t), is given by:

[02¢(x,t)] G(u,v) G(0,v) 19G(0,v)
1'52_ oxz | w?  u?  u ox (1.66)

[02¢(x,t)] G(u,v) Gw,0) 13G(u,0)
2'52_ a2 | vz w2 v At (1.67)
Proof:

0% t 1 ([ (Z+8) 62 t
52[ <p(§ )l__ffe <p(x Foxt) |

0x uv

0 0

t:lv—‘

0x?

r 1oo 0%p(x,t

fe Yy —fe 9 )dx dt,
u

0 0

Using Integration by parts:

Let
-1
u=e ¥ = du=—e *¥dx,
u
dv = —62g0(x, ) dx = v = 9pCx 1)
0x2 dx
Then

lje L (x, 0, _ 1[ e 09 D)7 f 1 _x/ua(p(x,t)]
u 0
0

J0x? u J0x u Ox

o)

1f 62 (xt) 1
—_ e —x:
u

O0x? u

)

dp(x,0) N f le_x/u dp(x,t)
u 0x

0

Integration by parts, then

—19¢(0,t) G(u,v) 0de(0,t)
R + —
u J0x u? uox
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Then

lf A lf —ty, 0P ) dx:lf R RACII
v u ot2 v u?
0

0 0

u? uv 0x

0

10 _, 00t 11 ¢ _,, 90(0,t
_;fe t, 0.0 | fe t, 0908
0

’p(x,t)] _ Gw,v) G(O,v) 136(0,v)
z 0x2 w2 u? u  ox

By a similar manner, we have

%2 (x,t) _Gw,v) G@0) 10G6G(u0)
2l 9t2 2 V2 v at

1.10 Some Properties of the Double Sumudu Integral Transform.

1.5,[1] = 1. (1.68)
+pt] — 1

2.5, [e®**ht] = A—ad—fv) a,f €R. (1.69)

3.5, [sin(ax + ft)] = au + v (1.70)

(1+ a?u?)(1 + p?v?)

4.5 1~ apuv 1.71
»[cos(ax + Bt)] = AT a2ud) (1 £ BvD) (1.71)
5.5,[@(At)h(Bx)] = F(Auw)H(Bv). (1.72)

Proof:

1
uv

o ©0 B B 1
ffe *ue t/v(l)dxdtzﬁxu.vzl.
00

1

2.5 [eax+Bt] = _f f X oy (pax+pt dxdt
Z[e ] - e e (e ) X
0 0
1 a-L)x_(p-2 1 u v
= —f f e dxdt =—X .
uv w l—oau 1-pv
00

1
T A-—aw)(1-pv)
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1 cO ©O0
3.5, [sin(ax + Bt)] = Ef f e lue™ My sin(ax + Bt)dxdt =
0 0

Following relation, one has

ei(ax+ﬁt) _ e—i(ax+ﬁt)
sin(ax + Bt) =

20
Then
[sin(ax + Bt)] X %ffe‘(““ﬁt)—e“(“x*ﬁt)e *lue” v dxdt,
0 0
= .1 f f elie=2)x o (1-3)¢ gt f f e(=ia=)x o (51=3)t gy
2iuv
0 0 0 0

_ uv uv
T 2iuw [(1 —iaw)(1—iBv) (1 + iaw)(1+ ifv)

_ A +icw)(1+ipv) — (1 —iauw)(1 —ipv)
T 20 (1+ a?u?)(1 - f2v?) ]

1 [1 +iau + ifv—aufv — 1+ iou+ifv + auﬁv]
=2 1+ a?u?)(1 — p?v?)

1 2i(au + Bv)
T 2i|(1+ a?u?)(1 — BZv?)

_ au + pv
(14 a?u?)(1+ B2v?)

Similarly, the same steps can be used to prove property (1.71) with minor adjustments for

the cosine function.
5.5:lp(A0h(BO] = | [ panh@eTes dudt,
00

LetZ=Ax:>dzzAdx,x=%,w=Bt=>dW:Bdt,t=%.

Substitution in integral

1jof (Ax)h(Bt)e e dxdt 1ff()h()__d2dw
J— u v = — Aue By — ——
w p\AxX euve X ww p\z w)eAue AB,
00 00

37



1f1 Z 1f1h =

= —_ — Au — by Bv

” A(p(z)e z ol (w)esvdw |,
0 0

= F(Au)H(Bv). (Jasim et al., 2023)
Example 1.5:(Bulut et al., 2012)

Consider homogeneous wave equation
Upr = Uyy, t>0, 0<x<m, (1.73)
With initial conditions
u(x,0) = uy = sin (x)
u:(x,0)=0 (1.74)
Solution:
By applying the double Sumudu transform of derivative in equation (1.68) and

Substitution by condition, we get

1F 1 (x,0 10 0) = F"
vz (uﬁv) vzfxl ) Uatf(x’ )_

| 1

F —EF-FFSIH(X) =0
, 1 1

F —§F= —;SIH(X)

x -x 1
F(u,v) = cyev + cyev sin (x) [1 m vz]

F(u,v) = sin (x) [1 -|-1v2]

Using the inverse Sumudu transform

u(x, t) = sin(x) cos(t).
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Chapter Two

The Relation between Sumudu Transform
and some known Integral Transforms.




2. The Relation between Sumudu Integral Transform and some
known Integral Transforms.

2.1 Introduction.

In this chapter, we will study the relationship of the Sumudu transform with famous
transforms, such as Laplace, Fourier, and Mellin transforms, and explain how to
extract these transforms from the Sumudu transform.

The Sumudu transform is known as the theoretical dual of the Laplace transform
because they are similar in some properties. However, the Sumudu transform has many
advantages that distinguish it from the Laplace transform and other transforms. The
most important can be the solution of many problems without the need for another
frequency range, as they preserve the scales, which has a beneficial effect in solving
complex problems in engineering and applied sciences. It can also solve many

problems easily by using Sumudu transform more than other transforms.

2.2 Laplace Transform of Derivatives.

1. L[p"(t)] = sF(s) — ¢(0). (2.1)

2. L[@" (t)] = s?F(s) — sF(s) — ¢'(0). (2.2)

3. L™ (t)] = s™F(s) — Z st D (0),m =1,2,3, ... (2.3)
j=0

(Jasim et al., 2023)

2.3 Some Properties of Laplace Transform.

1
1.L[] =~ (2.4)
m!
ml —
2.L[t"] = 5 mEN. (2.5)
3.L[e%] = ! a €R (2.6)
' s—a’ ' -

4. L[sin(at)] = (2.7)

s2 4+ q?’
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5.L[cos(at)] =

6. L[sinh(at)] =

2.4 The relation between Sumudu and Laplace transforms.

s2 4+ q?’

s2 _a2'

(2.8)

(2.9)

In Chapter one, a direct result was given about the relationship between Sumudu and

Laplace transforms given by equations (1.26) and (1.27), which will be explained by

a detailed proof in the following theorem.

Theorem 2.1:(Mishra et al., 2020)

Let @(t) € B and let S[p(t)] = G(k) and L[p(t)] = F(k), then

Proof:

From S[p(t)] =

Substitution

then

Now L[p()] =

o= ()

rio-2o()

G(k), we have

[0e]

G(k) = j @ (kt)etdt,
0

kt—s—de=
=S =%

o)

G(k) = f o(s)e~lk

0

ds
k’

o)

G(k) = %f (p(s)e_s/kds,

0

F(k), gives

o)

F(k) =f p(t)e kt dt
0
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Substitution in equation (2.14)

oo -2}

Now we use L[@(t)] = F(k),

(0]

= F(k) =f p(t)e *t dt
0

d
Letkt =s = dt = ?S, then

[0e] (0]

d 1
F(k) = j oo~ =1 f p(e~ds (2.15)
0 0

Using equation (2.12) in (2.15), then

ri=Lol)

(Jasim et al., 2023)
2.5 The Differences between Laplace and Sumudu Transforms.

Sumudu transform is different from Laplace transform in that it preserves the graph of
the functions and the amount of increase, decrease, and concavity i.e., the Laplace
transform changes these properties, which makes studying these functions more

complicated, and these differences are:

1. The First-Scale Preserving Property (Sumudu transform):(Khalaf & Belgacem,
2014)

If S[e(t)] = G(v), where @(t) € B, A is any constant, then by using definition of
Sumudu transform,

o

Sle(At)](v) = J p(Avt)e~tdt = G(Av). (2.16)
0

2. Changes of the Scale Property (Laplace transform):(Khalaf & Belgacem, 2014)
If F(s) = L[@(t)], ¢(t) € B, A is any constant, then

o)

1
Llp(AD](s) = f <p(At)e_Stdt=ZF(%). (2.17)
0
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2.6 Illustrative examples.

Example 2.1: (Khalaf & Belgacem, 2014)
Let @(t) = t?,

We can apply Sumudu and Laplace transforms for this function, and using the partial

integration, we obtain:
1 t
G(v) = S[t*] =~ f (t2e” Trdt = 202,
0
Whereas Laplace transform:

s3

‘ 2
F(s) = Llp(©)] = f (t2)e-stdt = =
0

Figure 2.1, ¢(t) = t2

-20}

L L
-2 -1 1 2

Figure 2.2, G(v) Figure 2.3, F(s)
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When using Sumudu transform of (t) , we notice that G(v), approaches the original

function, unlike Laplace transform F (s), which takes a different curve.
Example 2.2: (Khalaf & Belgacem, 2014)
Find Sumudu and Laplace transforms of the function

p(t) = e,

The Sumudu transform can be obtained as,

G(v) =
W =1"%
The Laplace transform can be obtained as,
1
F(s) = ——

120

100

80

60 -

401

20

1 ! L L
-2 -1 1 2

Figure 2.4, ¢(t) = e3t

2F

Figure 2.5, G(v) Figure 2.6, F(s)
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In addition, to the relation between Sumudu and Laplace transforms, Sumudu transform

of the Heaviside function H(t) is Laplace transform of the Dirac function §(t) and the

vice versa:(F. B. M. Belgacem & Karaballi, 2006)

S[H(t)] = L[6(t)] = 1.

S[8(0] = LIH®)] = .

(2.18)

(2.19)

We will also list some other properties of Sumudu transform that make it more distinct

from Laplace transform:

e For any complex or real number 4, S[@(At)] = G(Av).

o S[t"]=m!v™

e lim ¢@(t) = lim G(v).
t—oo VT

e lim ¢@(t) = lim G(v).
t—oo V—oTy

e lim ¢(t) = lim G(v).
v—0 v—0

e From Sumudu transform, definition it is easy to verify that it keeps the

same units (Khalaf & Belgacem, 2014).

Example 2.3:(S. Kushare et al., 2018)

Find the solution of the system of equations.

E+x=et
dx .
dt B

With initial conditions x(0) = 0 and y(0) = 0
Solution:

Firstly, the Solution by Sumudu transform:

s(%) +S(x) = S(eb)

$(2) - 500 = s

Let S[x(t)] = X(v) and S[y(t)] = Y (v)

45
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Y(v) —y(0) 1
R
XW) =xO _yiy =
Y@ X = ! 2.22
— W= (2.22)
X ) = v (2.23)
v
Then
Y(v) +vX(w) = 1i—v (2.24)
X(w) —vY(wv) = —v? (2.25)
We solve the system (2.24) and (2.25)
Y(v) = = — vX(v) (2.26)
Substitution in (2.25)
v
X(v) —v<1 _v—vX(v)> = —p?
172
X(w) — . +v?2X(v) = —v?
X)W +1) = 1”_ - 2
3
X0 = T D (2.27)
Substitution by (2.27) in (2.26)
v v3
Yo =1~ U<(1 “ D)W + 1))
—vi+v3 +v
Yw) = 1-v)(v?+1)
2
Yv)=v (2.28)

T a1

By use of partial fractional decomposition:
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X J—
@) 1-v) v2+1
A= ! B = C = !
- 2 ) - ) - 2
Then
1 1,1
X(p) = —2 2 2
@) (1-v) v2+1
Similarly
1 1 1
2,373
Y = .
@) v+(1—v)+v2+1
Applying the inverse Sumudu transform
(t)—S‘l( +1 1 +1 v 1 1 )
Y= T2 -v) 22+ D) 2v2+1

(t)—t+1t+1'(t) - t
y(t) = € t5sin 2cos().

1 1 1 v 11)

t=S‘1<— —= -
x(©) 2(1—v) 2v2+1 2v2+1

(t)—l 1 . 1 .
x(t) =ze 2sm() 2cos().

Secondly, the solution by Laplace transform:

L (d—y> +L(x) = L(eb)

dt
dy
£(Z) - £0) = £
Let L[x(t)] = X(s) and L[y(t)] = Y(s)
1
sY(s) —y(0) + X(s) = G-D
—1
sX(s) —x(0)—=Y(s) = s
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(2.30)
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(2.34)
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1
sY(s) + X(s) = G-

-1
sX(s)=Y(s) = -2
By equation (2.37)
X(s) = ! Y
(s) = G-D ° (s)

Substitution in equation (2.38)

S((si1) = sY(s) ) —-Y(s) = =

-1
G > 56 Y =

-1 S
-Y(s)(s?+1) = S GoD

Y(s) = 1 S

262+ D)  G-DGEZ+ D

Using fractional decomposition, one has

1 _A+B+C5+D
s2(s2+1) s s?2 s241

A=0 B=1 C=0, D=-1

111
s2(s2+1) s s2+1

And

S _ E +Fs+G
(s—1(s2+1) s—1 s2+1

E—1 F = ! G—1
=5 =3 =

S _1 1 _S/2+1/2
(s—1D(s2+1) 2s-1 s2+1
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Then

2s—1 s2+1

11 11 TS,+1,
0= (-57)+ (35755

Taking the inverse Laplace transform

(t) =t+let—lcos (t)—lsin (®) (2.43)
Y 2° 72 2 '

By the same steps we get

1 1 1
x(t) = -1+ Eet + Ecos(t) + Esin(t) (2.44)

Verification

After solving, we verify the solution by checking the initial conditions:

0) = 1+1+1+O—0 0—0+1 ! 0=0
x(0)=—145+5+0=0, y(O©) =0+5->-0=

It can be noticed through the solution using the two transforms that we get a similar

solution because the Sumudu transform is very close to the Laplace transform.

2.7 The relation between double Sumudu transform and double
Laplace transform.

The double Laplace transform is defined by:
L Lo, )] =F(p,q) = J e™Px J e~ (x, t)dxdt,
0 0

Where p, q are complex numbers and x,t > 0.

The relationship between the Sumudu transform and the Laplace transform of two
variables is not much different from the relationship between Sumudu and Laplace

transforms of one variable, and the following relationship illustrates this:

Let ¢(x,t) € B, with double Sumudu transform G (u,v) and double Laplace
transform F (p, q), then

1 11
G(u,v) = ELZ ((p(t, X); ( )), (2.45)

——
u v
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G(P:Q)Ziﬁz @(t,x); (1,1> , (2.46)
pq P q

This relationship between the two transforms can be best illustrated by the fact that they

exchange an image sin(x + t) and cos(x + t):

S,[sin(x + t)] = Ly[cos(x + t)] = a+ ;)—I—(lv+ ) (2.47)

1
S,[cos(x + t)] = Ly[sin(x + t)] = AT+ 0D’ (2.48)

Also, exchange the image of the Dirac function, 6(x,t) = 8(x)&(t), and the Heaviside
function, H(x,t) = H(x) @ H(t), since

So[H(x, £)] = L,[8(x, )] = 1, (2.49)
1
$2[8(x, )] = Lo[H(x, )] = —, (2.50)

Where the symbol & denotes the tensor product.

Moreover, the relation between double Laplace transform and double Sumudu transform

of convolution is given by:

1
S2[H(p ++ W) (x, );w,v] = —— Lo [ (@ ++ ) (x, O)]. (2.51)
(Kilicman & Eltayeb, 2012)

2.8 Fourier Transform of Derivative.
1. Flo'(0)] = iu, Fle(t)] = iuF (u). (2.52)
2. Fle™®] = (w)"Flp(®)] = (iu)™F (w). (2.53)
(Debnath, & Bhatta, 2015)
2.9 Some Basic Properties of Fourier Transform.

We will list some of the properties of the Fourier transform that play a major role in
solving many differential and integral problems of all kinds. As we mentioned earlier, it

is considered one of the oldest integral transforms.
1. (Shifting):

Fl(o(t —a)] = e *2F(¢). (2.54)
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2. (Conjugate):

Flo(0 | = Flo®].

3. (Scaling):

F[o(At + B) = ;jeiiBu/AF( ) A=+0.

2
4. (Translation):
Fle'p(t)] = F(u — a).
5. (Duality):
FIF@®] = f(—w.

6. (Modulation):

Fle(t)cos (At)] = %[F(u —A)+ F(u+ A)].
Fle(t)sin (At)] = %[F(u —A)+ F(u+ A)].

7. (Composition):

[00] [ee]

] Fh(w)etdt = j P(©OHE - Ods,  H@) = FIh©)].

— 00 — 00

(Debnath, & Bhatta, 2015)

2.10 The relation between Sumudu and Fourier Transforms.

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

We can illustrate the relation between the Sumudu transform and the Fourier transform

F (u) by the following theorem:

Theorem 2.2: (Khalaf & Belgacem, 2014)

Let ¢(t) € B,and let S[p(t)] = G(v), and F(¢@(t)] = F(u), then,

so-old)
o -Lo(2

Proof:
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By equation (1.2)

F(u) =Flop()] = f e ™p(t)dt ,u €R

iu
1 1
F(u) ZEG(E)

And by the Sumudu transform

[ee]

() = S[p(D)] = j p(wi)e~tdt,

0

Z

Let vt =2z t=2 ,dt =% then
v v

_ _ ‘ —iZ/iv%
() = Slp(®)] = f o T,

0

1 , 1 /1
6(v) = Flp@(1/w) =7 (=),

v % mu

Then

1 1
6w =<7 (=)
v \iv
Example 2.4:(Debnath, & Bhatta, 2015)

We find the Sumudu transform and the Fourier transform of the Characteristic function

X[—aa1(t) = H(A — |t|), where

1,  JtI<A

Xean®=Ha-1D={" 13

Where H(t — A) is the Heaviside function.

52



By Sumudu transform:

(°9)
(o8]

—t
1( - 1|e™ /v
G(v)z;fe%dtzg —| =-[0-1]=1
0 v 0
By Fourier transform:
1 —iut
Fy(w) = {H_44 (D)} = \/T_n e X[_a,41(0)dt
1 [ 2 /sinAu
Flu) = — f e Ut dt = —( >
=7 ) 2 (=

It can be noticed that when using the Sumudu transform, the result gives the integer value
1, which is equal to the value of the original function at t < A. But the Fourier transform

give is the curve of the periodic function (sin (At)).

2.11 Mellin Transform of Derivative.

L. M[p'(x)]=@—-D@lp— 1. (2.64)
2. M[p" ()] =@-D@-2)¢{@ - 2). (2.65)
nren . () B
3. M[ep™"(®)] = (—1) T —m) Mlp(t),p —nl]. (2.66)
r
4. M [t (t)] = (—D”%@(zﬂ)- (2.67)

2.12 Some Properties of Mellin Transform.
1. Scaling property:
Mlap(t)] = aP@(p),a > 0. (2.68)
2. Shifting property:
Mxp)] =@ + o). (2.69)
3. Convolution:

Mlp@) * g1 = M |[;7 @9 (5)F| = 2@,

Mlpx)] = o), M[gx)] = g(p). (2.70)
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4. Integrals property:

X

-1
f(p(t)dt = ?@ (p—1). (2.71)

0

M

(Debnath, & Bhatta, 2015).

2.13 The Relation between Sumudu and Mellin Transforms.

To clarify the relationship between Sumudu and Mellin transforms, which is no less
important than Sumudu and Fourier transforms. We first recall the relation between

Laplace and Mellin transforms:
Llp®O)](s) = M[@(=In(x)](s). (2.72)
Mp()](s) = LlpeD](s). (2.73)
The next theorem gives the relation between Sumudu and Mellin transforms.
Theorem 2.3: (Khalaf & Belgacem, 2014)

Let o(t) € B, then the relation between Sumudu transform G(v) and Mellin

transform M (s) is given by:

1 1
M(s) = Mlp(1() = Llp(e ™) = Slow)] (<) = 2.74)

s
Proof:

By the relation between Sumudu and Laplace transforms in equations (2.1) and (2.2), we

have
1 1
Slp@1@) =~ Llp(w)]= (275)
1 1
LIp©1(s) = < Slpw)] (276)
By equations (2.72), (2.73), (2.75), and (2.76) we get
1 1 1
Slp@IW) = LipW](1/v) = = Mp(-InG) (). @77)
Also
1 1
Mlp(1() = Lip(e 1) = < Slee ™ (5). (278)
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(Debnath, & Bhatta, 2015)
Example 2.5: (Debnath, & Bhatta, 2015)

Let @(t) = t(et —1)71, then Sumudu transform of ¢(t) given as:

(0]

GCw) =S[tet —1) 1] = %J tet —1)"te vdt

0

By using
- 1
zoe " 1—et’
m=
Then,
- -1
-mt _
21 € et —1
m=
oo o 1 oo L
Cv) =—— Z j te vemtdt = - Z j te_(5+m)tdt,
m=1 o m=1o9
Where
f te~tdt = —,a>0
o
then
6w) 1 1
v (m + 1/v)?
Noting that
o1
Z = f@at)
=1
Then

G =%5(2,%+ 1).

Now we notice the solution by using Mellin transform:
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[(et — 1) (et —1)
[ t ] N [ -mt
M _m_ = mzl bl- tPe dt,
F'p+1)
= — mp+1
t f—

Where

0]

1
P+ =) —— (Rep>1)

m=1

The famous Riemann Zeta function.

By solving using the two transforms, we note that the Sumudu transform is the best

because it gave a clearer solution and is the easiest to deal with integrals and series.
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Chapter Three

Fractional Sumudu Integral Transform.




3. Fractional Sumudu Integral Transform.
3.1 Introduction of the Fractional Calculus.

The Fractional calculus is an extension of the ordinary calculus, that its studies differential
equations with non-integer orders. It came in 1695 from the scientists L' Hopital and
Leibniz, who were at the beginning of questions about the fractional derivative and what
the solution to differential equations that carry fractional orders. These questions have
simulated other mathematicians, such as Riemann and others, to research this calculus.
This science increased in development in the nineteenth century. When it appeared many
theories of this calculation in most branches of engineering, modern sciences, chemical
physics, statistics, and control theory, and it was considered that most of the problems in

practical life are equations of the fractional degree.

o . . .an . o
Leibniz first introduced the nth derivative dx_il/ = D™y where n is a non-negative integer,

but if n is a fractional number, and then it is a paradox. The scientist Lacroix developed the

k

formula for the nth derivative of y = x*, in which m is a positive integer,

Al
-k
mx ’ k < l

Dky =
Replacing the factorial symbol with the gamma function:

Deyo — ['(c+1) xo-a
[(c—a+1)

The above formula is the fractional derivative, where a and o are fractional numbers.

The scientist Joseph Liouville (1832) presented an extended formula for the derivative of

integral order n:
D"ed* = gnedX,
Replacing n by «, a is derivative of arbitrary order:
D%edX = g%eax

Liouville give this formula:
D) = ) cpafe,
n=0
Where
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o)

flx) = z cpexp(a,x), Rea, > 0.

n=0
This formula is known as Liouville first formula for the fractional derivative, and Liouville
expanded his first definition and gave his second definition based on a gamma function.
(Debnath, & Bhatta, 2015)

[a+o) _,

D%~ % = (—1)« o) X ,

o> 0.

The second definition of the Liouville derivative is very useful for a class of rational
functions. However, the first definition is very useful for a specific class of functions. Some
scientists preferred the Lacroix formula, others preferred the Liouville dye, and many
scientists have proposed different formulas for this calculation, including the Caputo
formula, Modified Riemann-Liouville, Riesze operators, Hadmard, Grunwald, and
Letnikov. However, the best and most popular definitions of fractional derivatives of order

a > 0 are Riemann-Liouville and Caputo. (AL-ZHOUR et al., 2019)

3.2 Riemann-Liouville Fractional Derivative:

Theorem 3.1: (Podlubny, 1999)
Let ¢(7) be a continuous function and integrable in the finite interval (b,t), and ¢(t)

may be have integrable of order r < 1 at the point 7 = b,

ling(r —b)" @(t) = const(+ 0), (3.1)
g
Then the integral
t
0@ = [ p@r, (3.2)
b

Exists and equals zero as t — b.
Proof:
Lett=b+z(t—b)=dr=(t—-Db)dz, s=t—>b

Then

t
. _1 _ .
lim @~ (©) = lim fb o()dr
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= lim(¢ — b) f o(b + z(t — b)dz

1
= lirré el‘rf (e2)" (b +2z8)z "dz =0
E— 0

Because r < 1. Then the two-fold integral

t t T

02 = [ o7 @dr= [ | [ o |ar

b b \b
t

=jdr1
b

=f (t —De(r)dr.
b

t

p(t)dt = Jgo(r)drfdrl

b

By integration (3.3), then the three-fold integral of ¢ (7) is given by

t t

PI(8) = ] oD (D)dr = j f (t = 1) @(r)dr |dr
b

b b

t

ety L
= [ S5 pedn = 5 [~ v p(rar
b b

By n terms, we can arrive at the Cauchy formula:

o) = —— f (t - D" (D) dr.

F(n)

Let n > 1, and take integer m > 0, then

(-m-n) - _ \n—-1
P (2) r()D j(t e (0) d.

Where D™™ (m = 0) , denotes m iterated integrations.
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t

1
PO = i P ,,f (t =" lp(@) dr. (3.6)

Where D™ (m = 0), denotes m iterated differentiations.

3.3 Derivative of Arbitrary Order.

In equation (3.6), it can replace integer n with a real a so that m — a > 0, because the
order (m —n) in (3.6), the equation provides an opportunity for differentiation to non-

integer order.

m

1 d
D" %e(t) = Wdt_ml!(t -1)%tlp(t)dr, 0<a<l, (3.7)

Letq =m—a = a =m —q, then the definition Riemann-Liouville derivative is

given by:
Dip(t) = ;ﬁf(t — )" 1 p()dr (m-1<g=m (3-8)
t I(m—q)dt™ ' - '
b
Or
q d™ (o -m-q)
Dig(®) = == (D; " Pe(), (m-1<q<m). (39)

If ¢ = m — 1, we obtain a conventional integer- order derivative of order m — 1
d™ (o -m-m-1)
DI to(t) = dt_m<Dt <P(t))
m

= dt—m(Dt‘lq)(t)) = oMV (0).

Wheng=m=>1andt > b

am d™e(t)

DPg(t) = 2 (D2 (®) = — 2 = ™ (0. (3.10)

(Podlubny, 1999)
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3.4 Some Properties of the Riemann-Liouville Derivative.

1.DA(D; ") = (), q>0,t>b

(t—b)q l

2.0, (D{g(0)) = p(t) - Z[Dq‘ Ol =P

3. Linearity:

DI(Af () + ug()) = ADLF(t) + uDlg(D).

Proof:

1.Let g =n =1, then

DE(D (D) = j (t = D" p(2)dr

t

dt p(r)dt = ¢(t)

(3.11)

(3.12)

(3.13)

Now let m —1 < g <m ,and using the composition rule of the Riemann-Liouville

fractional integral:

D7 (D;79(®) = D7 (D70 (D) = D Po(®),

Then it can write

"mo(t) = D DD ()

Then

R T TON!

D1 (b () =

m

= = (D "p(9) = p(®).

1 t
2.0, 1 (Df(p(t)) = mj(t —1)971D (1) dr.
b

d t
=— —F(q_l_l)bf(t—r)qu(p(T)dr :
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Integration by parts, and using equation (3.14):

1
t—1)IDIp(1)dr = m[( - )q {D (m= Q)(p(r)}dr

1
F(q+1)_!-(
1 g am
— _ -m__ -(m-q)
_F(q—m+1)bf(t 2 drm{Df Pp}dr

m am i —m—-q) (t— b)q—i+1
Zl [dtm i\ D "’(t))l r2+q-0

;[ (20 m)] —5(2_ ) (3.16)
= ;@ (D" D))
Z[ (Dfe®) ]%, (3.17)
= D7l (t) - Z[ (P e ]§(2_+)qq i (3.18)

Combining (3.15) and (3.18) to end the proof of the property. When 0 < g < 1 then:

t—b)i!

D1 (Df’q)(t)) = p(t) - [th_lq)(t)]( e (3.19)

It can be considered that the equation (3.11) is a particular case of a general property:
pf (D77 F(1)) = DI P (o), (3.20)
Two case let: ¢ = p = 0, and using (3.14) and (3.11),
i (D7Pe(6)) = DF (D7PD; P~V (1))
— Dt—(p—q) — Df_pgo(t).

And case ¢ > p = 0. let us denote by m and n integers, where 0 < k—1<qg <k and
0<n<qg—p<n n<m,andusing (3.14) and (3.8),
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D¢ (D7) = dt’; {07 (D79 (0)}

dtk 00

d¥ e -
= (DI 0} = DI P (o).
It can consider equation (3.12) particular case of the following,

(t—b)

ICETED

D (D:P0(®) = D 9(® = Y [0 ()]
i=1

3. For A, u € R, we have

DI(Af () + ug(®)) = ](t — D" Af (@ + rg(D)dr

F(m q) dt™

A
~ @ —qdem

f(t—r)m -1 f(r)dr + j(t—r)m -1 g(7)dt

(r ( —q)dem

= AD]f(t) + uDl g(t). (Podlubny, 1999)
3.5 Caputo's Fractional Derivative.
Most applied problems in physics, especially in solid mechanics and the theory of

viscosity, require definitions of the fractional derivative through initial conditions that

allow for physical interpretation and contain f(x), f'(x)...

Although such problems are solved mathematically successfully using the Riemann-
Liouville approach, some of their solutions are not practically logical, i.e., it has no clear

physical explanation.

Caputo's approach came to suggest a solution to this problem, and two years later, he

presented his famous definition that states the following:
Definition 3.1: (Podlubny, 1999)

Let ¢ (t) be a continuous function on a closed interval [0,t] and @« € (m — 1,m),m € N,
then the definition of Caputo derivative is given by:
p™(D)dt

1
Di(t) = -1 . 22
b
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3.6 Some Properties of Caputo Fractional Derivative.

1.6D2p(t) = @(2). (3.23)
2.5DFp(t) = @™(t), nEN. (3.24)
3. §DF(Af () + ng(®)) = AFDEf () + u§DE g (t). (3.25)

Proof:

1.If @« = 0, then m = 1, by using (3.22):

c 1 g p(mdr . B B
D200 = 55 Of e Of P (T =p(t - 0) = p(t)

2.Ifa € (m —1,m), it's follows that &« =m — 1 = n =m — 1, then

pr@d 1 [ g™(ddr
(m—a)) (t—)*m T(m-m+1) J (¢ —gymmioma B

6D p(t) = =

1 f 1
B Ef e™(1) dt = @™ 1(t) = @™ (2).
0

Prove of the linear property (3) is similar to prove of the linear property using the Riemann-
Liouville derivative. (Sikora, 2023)
3.7 Special Functions of the Fractional Calculus.
Before starting in study fractional Sumudu transform, some special functions used in
fractional calculus will be presented, which play an important role in simplifying problems
and arriving at a final solution to fractional differential equations, the most important of
which are the Gamma function, the Beta function, and the Mittag-Leffler function.
3.7.1 Gamma function.
The Gamma function I'(m) is defined by:
r(m) = [;"e~ttm1dt, (3.26)

One of the important basic properties of the gamma function is given:

'm+ 1) = mI'(m) = m!, (3.27)

It can prove this by integration by parts:
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r'm+1) = f tMe~tdt = [—e‘ttz]o(;j + mJ tM™le~tdt = mI'(m)

0 0
Then
Im+1)=m.(m—-1) =m!

3.7.2 Beta function.

The beta function S (k, n) is defined by:
1
Lk,n) = f (1—-o)* 1" 1dr, (Re(k) >0, Re(n)>0) (3.28)
0

To drive the relationship between the Beta and Gamma functions, we consider the

following integer:

1
Ry (t) = j(l — )k 1gn1qr,
0

Which is a convolution of the function 7%~ and (1 — 7)™}, and using the Laplace

transform of a convolution, we obtain:

[(k) T'(n) TEIn)

Sk sn Sk+n

Hk,n(s) =

Taking the invers Laplace transform yields:

_ LWL yins
hkn(t)'_ F(k'+'n) k )
Setting t = 1, we get
_T()r(n)
B(k,n) = Tkt (3.29)

3.7.3 Mittag-Leffler function.

The Mittag-Leffler function is one of the important functions in fractional calculus and is

defined as:

- n
E,(t) = ;m, a>0 (3.30)
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(o] tn
Ea,ﬁ(t)=;m, a,f >0

Her, we will present some properties of Mittag-Leffler function:

P = L T ) m+ ¢
n=0 n=0

tn+1 et

. (t)_i tn i t" 1 Cef-1
LT LT+ 2) m+2)! tZi(n+1) ¢t
n=0 n=0 n=0

3. Elm(t) - —{ t_r:I

n=0

® t2n *® eZn
4.F 2=§—=E—= h(t).
21(E%) rZn+1) m1 ~ cosh®

5.E, ,(t2) = Z 1 = p2nt _ sinh(t)
22N ST LT+ 2) Tt 2n+1)! t
n=0 n=0

[0e]

6.E/,,(t) = Z
r

=G+

Where erf (t) is the error function and is defined by:

n

= e erf(—t).

erf(t) = \/%J e?" dt,
t

2 .
erf(t) = T -

21’1
(2n + 1)!

2n+1

Ms

0

S
I

(Podlubny, 1999)
Example 3.1: (Sikora, 2023)

1
Calculate the fractional derivative gDzt by using Caputo's definition.

Solution:

t
D ——
0 = 1 1 T,
FA=2)7 (t-1)2
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(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)



Integration by parts:
u=t—1,du=—-dr=dr =—-du
In addition, the bounds of the integral:

T€(0,t) >ueE(t0)

0
1

t
c % _ 1 -1 _ 1 -1 _ t
ODtt_ﬁf_ldu_ﬁoj(u) /Zdu——[Z\/ﬂ]o—

r (U2 T

Corollary 3.1:(Sikora, 2023)

2Vt
=

The following formula defines the Caputo fractional derivative of the power function:

'p+1)
el AL >m—1,p€ER
DEtP ={ T(p—a +1) p=m p

O; pS m—l,pEN

(3.40)

Proof: The solution it starts withp > k — 1

e™M(t)dr

t

CDatp — 1 f

@t I(m—a)) (t—7)xm+
c

1 g I'(p+1)
_r(m—a)ofr(p—mﬂ)

P ™ (t — 7)™ %" 1dg,

Let T = At, /1=%,forOSA <1, then

e TOED o
SDEP = Fm—a)(p—m+ 1)0 ADHP~™((1 - D) dA.

_ 'p+1)
T Tm—a)(p—m+1)

t
tp-a f (M)P~™(1 — N)m-e-1d,
0

B I'(p+1)
T T(m—a)(p—m+1)

tPB(p—m+1,m—a)

3 I'p+1) e F'p—m+1I'(m—a)
" I(m—-a)(p—n+1) Ip—a+1)

_ Ip+1) -

" Tp—a+1)

For p <m—1,(t?)™ = 0, hence DFt? = 0
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Example 3.2:(Sikora, 2023)

Calculate the Caputo fractional derivative of the function ¢(t) = t3,

whereazg ,p=3

Solution:

By using equation (3.40)

2 r@4) - 3! 5 6 7
cp3t3 = t/3= /3:—t/3.
Ty re) r;)

Theorem 3.2: (Sikora, 2023)

The exponential function by definition Caputo derivative is given by:

cnaat o ak+ntk+n—a N
aDt e = F(k + 1 +n— a) =a't El,n—a+1(at): (3'41)
0

n=

Where E, g is the Mittag-Leffler function of two parameters (3.31)

Proof: It can prove that by definition Riemann-Liouville:

Example 3.3:(Sikora, 2023)
Find the fractional Caputo's derivative of the function ¢(t) = e of order a = %
Solution:

By equation (3.41),a =1,
6D,/ = t'2E 1(t) = VIE,2(t)
tn 1 tn+1 1 tn+1
El‘;(t)zzl"( +§)=?ZF( +1+1)=? Vi (2n+1)!
nTy) a=el M 2) m=0

1 ® tn+12n+1 2 ® tnzn
T tnla2n+ 1) Y la 2n+ 1)
n=0 m=0

_eterf (VD)
-2t

Then
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.12 = Ve, 50 = P < et (1),

3.8 Fractional Sumudu Integral Transform.

Introduction:

As noted earlier, the fractional Sumudu transform its importance in both scientific and
practical fields. The fractional Sumudu transform is considered one of the integral
transforms that provides greater flexibility in solving fractional differential equations and
analyzing signals. This advantage has led to its widespread use in the fields of control

engineering, physics, and applied mathematics.

In this chapter, we will study the fractional Sumudu transform and introduce some of its

properties, and we will introduce some fundamental theorems.

Definition 3.2:(AL-Zhour et al., 2019)

The fractional Sumudu transform is defined over the set:

1t%|

By = {p(8)|3M, 71,7, > 0.9 (8)| < Mei , if t* € (=1)' x [0,00),i = 1,2}

By

S|I-

G(v) = Salp()] = f e p(D)dy (D). (3.42)
0

Where d,(t) =t* 1 0<a<1.
Theorem 3.3:(AL-Zhour et al., 2019)

Let @(t) € B, ¢:[0.0) > R, then the fractional Sumudu transform of derivative

functions is given by:

S [D™ ()] = G‘;‘)Elv) “’53), 0<a<1, neN. (3.43)

Proof:

We start by proving the first derivative by using the definition of the Laplace transform, as

Ly [D“<P(t)]s_% [sF(s) — §0(0)]S_,%

SelD%p(8)] = ————* = —

16(3) 00 _ 6 9O
v v v v
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Similarly, we can prove:

SelD™ (0] = =2

3.9 Some Properties of the Fractional Sumudu Transform.

Ge(v)  ¢(0)
v’

Suppose that a,,A,u € Rand 0 < a < 1. Then:

1.S,]a]l =a
2.5 [ ) >1
2 A g
[ t* av 1
3:5afsn (o) = >
[ t* 1 1
4.505 _COS(CL;)] :m,v>m.
[ t* av 1
5.5, _Sll’lh (a?)] = m,v > m
t* 1 1
6.5, [COSh(d;)] =m,v>m.

tna
7.5, [—n] =I'n+ Dv*v>0.
a

8. Linear property:

SeAAf () + ug(®)} = AF,(v) + uG, (v),

9. Shifting property:

ta
Se|e ™0 (0)| =

10. Integral property:

Sa = [Ia(p

11. Convolution property:

F, (l—l—a).

(4

©1=F ;).

v

Sa(f * 9) = vF (V)G (V).

12. Power product property:

-tna
Sa _Fﬁo(t) =
Proof:
B
La[a]s_)_ slgot
1.5,[a] = = =a

e o)
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(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)



a

t
s [e tZ ) Ly [eaa . ) La[eat]s_% _ [i ot _ 1 |
v v v 1—av
pay, La [Sin (a %)]Hz Lg[sin(at)] 1
35 [sin (a;)] - v "= v
=)
s?2+a?lg1 av
- v "= 1+ a2v?

Similarly, by the same steps in property (3), we can prove the properties (4), (5), and (6)

tna’

1

7.5 [t"“] s_>; _ I+ Dov™*!
B v

=T(n+ 1v"

8. We can prove the linear property of the fractional Sumudu transform by the same steps

as the linear property of the Sumudu transform by using the definition or the

relation.
e La [e_a%(p(t) 1 La [e_at(p(at)%] 1 F, (l + a)
%S [e_a7¢(t)] B v o= v "= vv
Ly [Ia(p(t)]s_)l

10.5,[1*p(8)] = > == vl (v)

La[(f*g)]s_)l [Fa(s)*Ga(S)]s_)l F, L Gg :
g LDy OGO (e ()

= vl (V)G (v)

La [Zl—: q)(t)] .

S——

12.5, [t:—:q)(t)] - =1£ "o @aty]

_)_

o [ (s)] _
(AL-ZHOUR et al., 2019)
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3.10 Sumudu Transform of the Riemann-Liouville Fractional
Derivative.

Theorem 3.4:(Bodkhe & Panchal, 2016)

Let ¢@(t) € B, the Sumudu transform of ¢(t) is G,andletn € N,n — 1 < a < n, then
the Sumudu transform of the Riemann-Liouville fractional derivative of the function
is given by:

n-1

SIDEQ(O] = v G() = ) vIDETTIgB)]y,  (356)

m=0

Proof: Suppose that Dfp(t) = h™(t) = %h(t) then.

-n n

g g MO

h(t) =

-n

T dtn

Do (t)
h(®) =D, " e(®)
Using the Sumudu transform
Ga() = ST = $[D; " Pp(®] W) = v*U6w).  (357)
And by equation (1.14)

dn
SIDEROIW) = § |70

Gav) _ Z A" D)t = 0

pn vm+1 ’

(3.58)

m=0
By the definition of the Riemann-Liouville fractional derivative (3.14), we have

n-m-1

h(=m=1) () = prE = h(®)¢=0

dn—m—l ( )
_ —-(n-a
- dtnm-l [Dt (p(t)]t=o

= pp~m=1p; (n_”‘)q)(t)]t=0

= DF ()= (3.59)
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Then, by using equations (3.57) and (3.59) in equation (3.58)

n-—1

SIDEQ(O] = Go(¥) = v™4G(®) = ) v MDDETI(B)],g

m=0
3.11 Sumudu Transform of the Caputo Fractional Derivative.
Theorem 3.5: (Bodkhe & Panchal, 2016)

Let @(t) € B, the Sumudu transform of ¢(t) is G,and letk € N,k — 1 < a < k, then
the Sumudu transform of the Caputo fractional derivative of the function ¢(t) is given
by:

-1

S

S[GDE ()] = Gg(v) = v™¢ [G(v) - v”[go”(t)]t=0],—1 <k—-1<a<k.

m=0
(3.60)
Proof:
Let g(t) = ¢™(t) and, by definition of the Caputo derivative,
p*(t)dr
CDCZ
ot go(t) F(k a)J (t )0{ k+1
t
3 1 g(t)dt
T T(k—a)) (t—T1)e k1
0
=D;“"g(®) (3.61)

Applying the Sumudu transform to equation(3.61), one has
S[EpER(D)] = 5|07 * " g(t)|(v) = v V6 (w)

S[g(®] = S[e* )]

Hence, equation (1.14) becomes

() = G(v) z [(f;(tn)
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vk vk
n=0
k-1
=G () — ) v [P (D)o
n=0
Then
k-1
GE(w)=v *|G(v) — v"(p(t)t()], -1<k—-1<a<k.

T

Collaraly 3.2: (Hamza & FElzaki, 2015)

We can obtain the Sumudu transform by Caputo fractional derivative for m—1 <

a<m,mEeN,by

’ (m-1)
G(v)_<p(0)_<p(0)_..._"’_l, (3.62)

S[D“p(6)] = v™~* [ e ;
Collaraly 3.3: (Hamza & Elzaki, 2015)

1 ) .
For a€R, al>0, — > |a|, then it has the inverse Sumudu transform of next

formula:

‘Ul_l
-1 _ l_
S [1 - av“l =t!"1E, (—at?). (3.63)

Proof: By applying the series expansion, then

vl — Ul 1 — Ul (_ava)n
1+ av” 1+ av?® Zo ’
n=

Then

o)

Taking inverse the Sumudu transform:

Z ( a)n na+l-1 B l ) ata)n
Fna+1) (na +10)
n=0 n=0

= t'"1E, ,(—at®).
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Collaraly 3.4:(Hamza & Elzaki, 2015)

Fora,f > 0,a = f > 0,and a € R, then

k+1)—1 *® _ k+n
S peted = talk+1)-1 ( a)n( n ) tn(a-p).
(1 + ava—F)k+1 ~ F(n(a—pB)+ (k+ Da)

(3.64)
Proof:

Using the series expansion of (1 + t)™%~1, then

oo

arom= 2 e

We have

o)

(k+1)-1
ve — va(k+1)—1 1 — Ua(k+1)—1 k+n (_ava—ﬁ)n
(1 + ava-F)k+1 (1 + aveF)k+1 n

n=0

Taking the inverse Sumudu transform,

- [Uaml)_l i () (_ava_ﬁ)n]

n=0

e S Gl ) IS
LTa@-pH+Kk+ D)

Collaraly 3.5:(Hamza & Elzaki, 2015)

a—

1
Fora = f,a > 0,a € R and |v—_| > |b|, we obtain
1+ave=B

o o . ___N\k(ntk
Py I PP z Z COMCOT) _jutampyons
vB + av® + bv*+h 1L T(k(a—f) + (n+ Da —o)
n=0 k=

(3.65)
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Proof: By using series expansion can be written as:

va+,8—a—1 va+ﬁ—a—1 1 i (_b)nva+ﬁ’—a—1

vF +av® + bve+E v +av® 4 bvetf -~ LivP + av® + byatB

vBiaqva  N=0

By using collaraly 3.4, then the collaraly 3.5 can be proved.
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Chapter Four

Some Applications of Fractional Sumudu
Integral transform.




4. Some Applications of the Fractional Sumudu Integral transform.

4.1 Introduction.

Fractional calculus is one of the most important tools for studying physical, engineering,
and scientific phenomena such as position mechanics, electrochemistry,
electromagnetism, viscosity persistence, biological population models, optics, and signal
processing. Fractional partial differential equations are also of great importance in various
scientific applications in mathematics, physics, chemistry, and engineering.

Many techniques have been developed by researchers to solve such equations, such as the
variation iteration method, the finite difference method, the symmetry perturbation
method, and others. From here came a new approach that combines previous methods and
integral transforms such as the Sumudu transform, the Laplace transform, and the El-Zaki
transform. New methods have been discovered, such as the Sumudu homotopy
perturbation method, the Sumudu decomposition method, the Laplace variation iteration
method, the Laplace decomposition method, the El-Zaki homotopy perturbation method,
and the El-Zaki decomposition method. These methods can be implemented to solve

linear and nonlinear equations (Qazza et al., 2022).

In this chapter, we will show some applications of the Sumudu transform to solve the
ordinary and partial differential equation of fractional order.

4.2 Linear Fractional Differential Equations.

Definition 4.1: (Podlubny, 1999)

The general formula of the linear fractional differential equation is given by:

n-1
DY) + ) pODIY(®) + Pa(Y(©) = 9(O). (4.1)
where 0<t<T< )
[Dtam‘ly(t)] = a,,, m=1,..,n, (4.2)

where

Am — NnOm n%m-1 01
Dim = pfmpIm-t . D,

Im-1 — nom-1%m-2 01
Dpm-t = pJm-1pm=2 D7,

m

Ay = Zal-, m=(12,..,n),0<0; <1, (i=12...,n),

i=1
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and ¢@(t) € L,(0,T), where L,(0, T) denotes of Lebesgue integrable functions,

where

T
f lp(D)]dt < .

Definition 4.2: The order of a fractional differential equation is the highest exponent
(fractional derivative order) appearing in the equation. It is determined by the term with the

greatest differentiation power, such as D%(x), where a, is the largest fractional order.

4.3 Existence and uniqueness of the Linear Fractional Differential
Equations.

Theorem 4.1:(Podlubny, 1999)

If o(t) € L1(0,T), and the function p;(t)(i = 1, ....,n) are continuous functions on the
closed interval [0, T], then linear fractional differential equation (4.1) and (4.2) has a unique

solution y(t) € L,(0,T).

Here, we will present applications of the Sumudu transform by solving the integer-order

differential equations, and the fractional-order differential equations.
Example 4.1: (Bodkhe & Panchal, 2016)
Solve the fractional differential equation:
DEy(t) — By(t) = x(t), t>0, n—1<a<n. (4.3)
Subject to the initial conditions
D ™My()] = am, (M =12,..,n) (4.4)
where D¢ denotes the Riemann-Liouville fractional derivative.

Solution: Applying the Sumudu transform to the equation (4.3), leads to

S[Dey(®)] = S[By(©)] = S[x(0)],

vy (v) — Z v [DEy(0)| ) — BY(v) = X (v)

m=1

n

v Y (v) — Z a,v ™ —BY(v) = X(v)

m=1
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W% — B)Y(v) = X(v) + Z a4, v ™,
m=1

Thus

X(v) . a,v- ™
(v=® —B) + £ (v=*—-B)

_ X(w)v” . v
Y0) = G g * ), T 5

m=1

Y(v) =

a-—m

Replacing f = a + 1, in first term, and in the second term f = ¢ — m + 1, we obtain

n

Y(v) = XW)S[tYEy o (Bt®)] + Z A S[t¥* ™ E g q—ms1(BtY)]

m=1

Now take the inverse Sumudu transform and use the convolution theorem, to obtain the

solution of (4.3) as

t n
YO = [ (€= D B [BE = D @T+ Y a6 B s (B,
0 m=1
Example 4.2: (Bodkhe & Panchal, 2016)
Solve the following initial value problem.
DEx(t) +ax(t) =0, 0<a <1, (4.5)
With non-zero initial condition x(0) = B.
Solution:
By applying the Sumudu transform to both sides of equation (4.5), one has
S[eDEx(D)](v) + aS[x(D)](v) = 0
v iG(w) —x(0O)v™*+aG(v) =0

v *4+a)G(v) =Bv™“

c _ Bv™®
W=G=7a
B
() 1+ av%)



By equation (3.31) and using collaraly 3.3
G(v) = BS|E, at®].
By taking inverse Sumudu transform, we obtain the solution as

x(t) = BE,(—at?).

4.4 Inhomogeneous Begley-Torvik Fractional Differential Equation.

The Begley-Torvik equation emerged in the 1980s (1980-1986) through the research of
P.J. Torvik and R.L. Bagley, who were studying the behavior of viscoelastic materials
such as rubber and polymers. The researchers observed that classical models failed to
accurately describe damping behavior, which led them to propose using fractional
derivatives to model these phenomena.

The equation is named after these two scientists who developed it, as they were the first
to publish systematic research demonstrating how fractional derivatives (particularly of
orders 0.5 and 1.5) could model non-Newtonian damping in mechanical systems.
Definition 4.3: The Bagley- Torvik equation is a fractional differential equation with the

form:

aD?y(x) + bD%y(x) + cy(x) = @(t), (4.6)
where
D?y(x): Classical second derivative (represents acceleration), D%: Fractional derivative

of order a (typically 0.5 or 1.5), ¢(t): External applied force.

Key Properties:

1. Fractional damping modeling: Describes the hybrid behavior of viscoelastic

materials.

2. Memory effect: Captures the complete history of system motion.

3. Order flexibility: a can be adjusted to model fluid-like (0.5) or solid-like (1.5)

behavior.
Practical Applications:

1. Earthquake engineering: Analysis of vibration damping in structures.
2. Biomedicine: Study of blood flow in blood vessels.

3. Soft robotics: Optimization of flexible robot movement. (Podlubny, 1999)
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Example 4.3: (Hamza & Elzaki, 2015)
Solve the initial value problem of the inhomogeneous Begley-Torvik equation:
3
D?y(x) + Dzy(x) + y(x) = 1 + x, (4.7)
Subject to the initial conditions

y(0)=y'(0)=1

Solution: Applying the Sumudu transform of both sides of equation (4.7) leads to

(G (v) —y(0) — vy’(0)> R <G (v) —y(0) — vy'(0)

v2 v2

>+G(v)=1+v

2—-a

%(G(v)—l—v)+v

()~ 1= V) +GW) =1+

2—-a

1 v
(G(v)—l—v)<;+ = >+G(v)=1+v

2—a
(G(v)—1—v)<1+v—‘;>+c(v) =1+v

G(v)(i#)—(1+v)<1+v#>+6(v) =1+4+v

G(v) =14+v

(1+v)(1+v? 9
1) _ =

G(v)

1+ v2¢@

T_'_

1+ v2@ (1+v)(1+v? 9
<T+ 1) =1+v+ e

A+v)v2+ (A +v)(1+v2%) [(14+v2@
Gv) = 2 / 2 +1
14+ v)(1+v? %+ v? v?
ooy = A v
v2 1+ v2-a 4 p2
Then
Gwv)=1+v

Taking the inverse Sumudu transform, one has

y(x) =1+x.
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Remark:

Note that in this example the solution was found using the Caputo derivative, because it is
considered better than the Riemann-Liouville derivative in solving problems that contain

initial conditions.
Example 4.4: (Hamza & Elzaki, 2015)

Solve this following initial value problem:

2—a tl—a

(3_a)+r(2_a)+t2—t, (4.8)

D*y(t) +y(t) = .

Where
y(0)=0 0<ac<1. (4.9)

Solution: By applying the Sumudu transform to both sides of equation (4.8), one has
2-a

tl—a
)] +S [—F(Z — “)l + S[t?] — S[t]

S[D*y(O)] + S[y®)] =S ll"(B——a

By using

+Gw) = 20> % — 17 4+ 2p2 —vp

2 [G(V) y(0)
pr-a |22

v v?
CGWW*+1)=2v2(w%+1)—v( *+1)
G(v) =2v?—v
And taking the inverse to obtain

y(t) = 2t? —t.

Example 4.5: (Hamza & Elzaki, 2015)
Consider the composite fractional oscillation equation
y"(t) —aD%y(t) — by(t) =8, 1<a<2, (4.10)
With initial conditions.
y(0) = »'(0) =0. (4.11)

Solve this equation by using Sumudu transform.
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Solution: Using the Sumudu transform

6r) G

2 av i bG(v) =8
8va+2
Gy = v* —av? — bp*t?

Using the collaraly 3.5, then the solution is given by:

— Q2 AW (b)n(a)k(";k) (2-a)+2n
y(®) =8t ;;F(k(z—a)+2(n+1)+1)tk '

Example 4.6: (Hamza & Elzaki, 2015)
Solve the following linear initial value problem
D% (t) = x(t) + 1, 0<a<l,
x(0) = 0.

Solution: Taking the Sumudu transform:

G(Z) —Gw) +1
v
‘W) Gy =1
v

o (55 -1

Gv) = (1 iav“)

Using the collaraly 3.3, we have

x(t) = taEa,a+1(_ta)-

4.5 Application to an integral production problem.

This application will demonstrate how to use the Sumudu transform to address the
production and consumption problem. This study demonstrates how a factor changes over
time, taking into account losses due to consumption and ensuring that the total quantity of
the product remains constant. This model can be easily applied to models of population
growth, birth and death processes, and problems controlling the release of drugs and
hormones.
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At time t = 0, the unused quantity of the products is N. However, this quantity is subject to
depreciation according to the function f(t) for,t > 0 .To counteract this loss, a new
quantity h(t) is produced, ensuring that the total amount remains constant at N. To
generalize this model, it is supposed that the depreciation function satisfies the following

condition:

f f®dt = 1. (4.12)

Thus, the total amount lost due to depreciation in the absence of production
(h(t) = 0,t > 0) is given by

(0]

J Nf(t)dt = N. (4.13)

0
If there is no depreciation(f(t) = 0), the amount of the item produced in a minor

interval [x, x + Ax] is given by h(x)Ax.

When depreciation occurs, the amount lost later t is given by h(x)f(t — x)Ax. Therefore,
the total loss due to depreciation from the start until time t is expressed using the convolution

integral

(F+ (@) = f GOf(t = x)dx.
0

If both production and depreciation occur simultaneously up to time ¢, the net difference

between production and loss must be equal to Nf (t). Then,

j h(t)dx — j £t — x)h(x)dx = NF(L). (4.14)
0 0

Thus, this model provides a clear mathematical framework to understand how production
and depreciation interact, ensuring that the total quantity of the product remains stable over

time.

To solve the production problem, let H(v) and F(v)be the Sumudu transform of the sought

production function h(t) and the depreciation function f(t), respectively, given by
vH(v) — vH(v)F(v) = NF(v), (4.15)

Then
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NF (v)

HWw)=———7— .
W =S F @] (110
For f(t) = e7¢, then:
F(v) =
) 1+v’
Substituting into the equation (4.16):
N(1/(1+v)) N
Hw) = ——=-=—, (4.17)
Vi-2] @
1+v
As a result:
t
N
o= vH(v) =S fh(r)dr , (4.18)
0
By applying the linearity of the Sumudu transform, the integral equation follows:
t
j h(t)dt = N6(t),
0
For f(t) = e™¢, the production function takes the form:
et
h(t) = TZ nL,_, (=), (4.19)
n=1

Where L,,_;are the Laguerre generalized polynomials, and h(t) must satisfy the condition:
(o] e_T

f ___L_Ln—l(_T)dT» (4.20)
0

Thus, if a notion of a generalized derivative for §(t) exists, then h(t), as defined in the last

equation, is most likely a candidate (F. B. M. Belgacem et al., 2003).

4.6 Application of the Iterative Method for Time and Space Fractional
Partial Derivative Equations (PDEs).

One of the well-known methods for solving fractional-order partial differential

equations using the Sumudu transform is the iterative method. The way it works is to

reformulate the equation after applying the Sumudu transform to it. The principle of

gradual convergence is used to reach the general solution. Through this method, the
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first solution is found, usually zero or an initial condition. This approach is used to solve

the diffusion equation, the fractional wave equation, and the fractional heat equation.

Definition 4.4:(Kumar & Daftardar-Gejji.,, 2019)
Let f(x,t) € R, then the Caputo time-fractional derivative operator of ordery >
0,m—1<y <m,n € N of the function f(x, t), given by

0"F (1) _ ey [0 (D)

aty 't atm |
1 f oD
— (-7l ———Zdr, m-1<y<m,
(m—y) ) atm (4.21)
dMf(x,t)
e y=m.

Similarly, the Caputo space fractional derivative operator of orderoc > 0,m—-1< o <
m,n € Nof areal valued function f(x, t), is

%f(x,t) - lamf(x, t)

axe  t axm |’
( 1 0™f(x
Y L 12 P
_JTm=oa) x (4.22)
l o™f(x,t)
ax—m ) o =m.

In addition, the Sumudu transform of the Caputo fractional derivative of f(x,t) of
order a > 0, is given by

0%f(x,t 0" f(x,0

];ia ) es[F(x 1)) — Zl ~a+n ](;(t" )l,m—1<a5m,mezv (4.23)
The general formula of time and space FPE is given

0% 9° alcr

g P

ot« "0xo’ 7 Oxlo
n—1l<o<nnml€EN

),m—1<a<m (4.24)

a° al
Where F (x f,ax—{:, S ZZ) is a linear/nonlinear operator, and

alaf_ 9° 0° aaf
axld = 9x% x0T

The function f(x, t) is the unknown function.

With initial conditions
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0"f(x,0)
atn

Applying the Sumudu transform to both sides of the equation. (4.24)

m-—1
0" f(x,0 a7 i
[f(x, )] = Z [v”% +v%S lF <x,f,%, Wl{:)l (4.26)

=gn(x), n=012,.., m—1 (4.25)

Taking the inverse Sumudu transform

m—1 n ” o
fl,t) =57 [Z Iv” %” +S571 [v“S (F <x f,%, [;Jc—l{:))]

(4.27)
Equation (4.27) can be written the form
aaf alaf
f(x,t)zu(x,O)+N x,f,ﬁ,...,m , (428)
Where
m—1
0"f(x,0)
=g-1 n__- -~ -
u(x,0) =S5 [Z lv 3en
, n=0 l (4.29)
a’f 2 f B a’f 0 O'f
N<x,f,ax_o_,...,m>zs 1[U_aS<F< fa o’ axla' )]J
Represents the solution as an infinite series:
= (4:30)
i=0
We can calculate operator N by the formula
3" oﬁ Y EZofi) _ °fo  3"fo
]Cl, O' ey axlo_ fO'a c,-,--.,a.xlo_
N 0°%iofi  0“Ilof:
+Z N Zf“ Pl ax‘w
j=1 i=0
o 1 a° Zj_lf' glo Zj_lf'
o fi '~ fi
= (xSt ), (4.31)

j=1 i=0
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07 Yizo fi

X Ty

0" ¥iZo fi

axlo

F(x,ifi,

=0

)

O' alofo ]
_ c-1].,a
=9 [v S( < fo, 9x0 PR axlo_>
oo ]
~ aoz] fl alaz] fl
+ZS Lyas| F (x,Zﬁ, T
Jj=1 i=0
oo j—1
_ %I fi alffz’ o fi
—ZS Hwes| F <x,' fir 6x"0 xwo
Jj=1 =0
Using (4.32) and (4.30) in (4.28)
o m-—1 B
_ 9" f(x,0) _ %fy  0f,
Zofi =S 1(2) [vn71>+5 1 vdS(F <x,fo, 50 9xlo
1= n= d
o) j . ,
_ [ % fi 09Xl fi ]
+ZS 1|v“S(F x,Zﬁ-, | | |
j=1 l \ i=0 J

-S| veS| F

Zf“aozj éﬁ | alaz] (}fz

ey 9xlo )

Then the recurrence relation is given by:
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m-1 n )
fo= 5_1< [vn ACL)) [, O)D

otn
k=0
0°fy 9y
— ¢c—1 a
fi=S [v S(F (x,fo, 927 o

r
°Y_ofi X fi » (4.34)
_ c-1 1=0J1 L '
o ons o (53 2k 22

g ’ axla

r—1 _ —
_s-1|yas| (xz f TTE al“ZL&ﬁ-)
o ox

forr>1 J

The approximate solution of equations (4.24) and (4.25) is given by f =~ f, +
fivsfro1-

Example 4.7:(Kumar & Daftardar-Gejji., 2019)

Consider the time and space linear fractional Newell-Whitehead-Segel equation

aaf_azdf 3f, t>0 € (0,1] 4.35
ote  ox2o f &0 ’ (4.35)
With the initial condition
f(x,0) = E;(2x°). (4.36)
Applying the Sumudu transform
aaf aZcrf
= - 4,
S [E)t“] S laxza 3| (4.37)
Using equation (4.28), we obtain
aZaf
S[f(x, )] = f(x,0) + v*S lang - 3fl, (4.38)
By taking the inverse Sumudu transform, we obtain:
aZaf
flx,t) =S f(x,0]+S1 <v“S [axw - 3fl>, (4.39)

By the recurrence relation (4.34), then

fo=S7f(x, 0] = E;(2x%),
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fi=571 (v“S [‘;;f - 3foD

aZoﬁ) aZoE}(Zxo)
0x%%  9x%°

= 22E,(2x9) = 4E,(2x°).

Then
fi = STH(W*S[4E;(2x%) — 3E,(2x7)]) = ST (v*S[E;(2x7)])
S[E,(2x°)] = E;(2x7), constant function

E;(2x%)t*

fi= ST E2xN) = Ty

620 |
fo=8" (vas l% —3(fo + f1)l> - fu

In the same way

_ Ey(2x°)t%*
f2= FrRa+1)"

_ Eg(2x°)t%®
fs= FrGa+1)"

 E,(2x0)t™

fr= Fra+1)° (4.40)

Then

ft)=fotfitfo..

E,(2x%)t% N E,(2x%)t? N E,(2x%)t3« N
[(a+1) ['Ca+1) [Ba+1)

fxt) = E;(2x°) +

ta tZa t3a
fOot) = Eq(2x )<1 T+ Tea+D ' T@arD T )

flx,t) = E;(2x%). E,(x9).
Example 4.8:(Kumar & Daftardar-Gejji., 2019)

Solve initial condition of the linear fractional diffusion equation:

0%f _ 9°f

= C -—,
at« 0x°

t>0,a,0€(0,1]. (4.41)
Where
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f(x,00)=A+Bx° a,b€R. (4.42)

Solution: Applying the Sumudu transform of equation (4.41) leads to

S [?9; =cS [aaf]

By the property of the Sumudu transform (4.23)

S[f(x, )] = f(x,0) + cv® [6 f (4.43)
The inverse Sumudu transform
FOot) = STYF(x, 0)] + cS- ( [a ! ]) (4.44)

By the recurrence relation (4.34), then

fo=S"f(x,0)]=A+Bx°,

fi=es (v [57])

a°f,  0° L L
G _ﬁ( )+—(Bx )—0+—(Bx )

By using a derivative of the fractional power function

9%«*  T(u+1)

= p-o
0x° T(u—o+1)

Letu = o,
0°x7  T(o+1) -0 — I'(e + 1
d0x° _F(a—0+1)x =To+1)
Then
9%fo
Fpai =0+Bl(c+1)=Bl'(c+1),

cBIl'(o + 1)t“

fi = CS_l(UaBF(G + 1)) = T(a+1)

fo=cS7t (v“ aafl])

0x°

9°fy 0% (cBI(c+ 1)t"\
0x°  0x° ['(a+1) -
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Then

fi=0,i=>2 (4.45)
Then the solution of equation (4.41) is given by

cBT'(o + 1)t*

f(x,t) =A+Bx° + CEE))
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5. Conclusions and future work

5.1 Conclusions.

In this dissertation, we studied the Sumudu fractional transform and its relationship with
other well-known integral transforms, such as Laplace, Fourier, and Mellin transforms. We
also presented some of its applications and methods for solving some differential equations

of fractional-order.

In the first chapter, we introduced the concept of the Sumudu transform and studied some
of its fundamental properties, such as linearity, unitary, convolution and the shitting property.
Additionally, we described some important theorems related to this integral transform and

included examples to illustrate the mechanism of this transform.

In the second chapter, we studied the relationship between the Sumudu transform and other
well-known integral transforms like Laplace, Fourier, and Mellin transforms, as well as how
to derive this transform from other well-known transforms. We also highlight some
advantages of Sumudu transform over Laplace transform, as it becomes clear that Sumudu
transform has some properties, which make it flexible in dealing with differential equations

and make it more applicable in other effective physical and engineering fields.

In the third chapter, we presented an inference to the fractional calculus and some of its
famous definitions, such as the definition of the Riemann-Liouville fractional derivative and
the fractional Caputo derivative. We presented some of their properties and illustrative
examples. We also studied some important and special functions in fractional calculus, such
as the Beta function, Gamma function, and Mittag-Leffler function. Additionally, we studied
the concept of the fractional Sumudu transform and presented some of its basic properties,
such as linearity, integration, and shifting. The fractional Sumudu transform was also defined

using the Riemann-Liouville derivative and Caputo derivative.

In the fourth chapter, we studied some applications of Sumudu transform in solving
ordinary and partial differential equations. We presented some examples of linear differential
equations of fractional order and how to solve them using Sumudu transform. Moreover, we
studied an application of the ordinary Sumudu transform in determining population growth,

as well as loss and production rates for any product using the convolution theorem.
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5.2 Future work.

As future work, we plan to solve nonlinear and complex ordinary and partial differential
equations of fractional order by decomposing the fractional Sumudu transform with some
powerful methods, such as the Adomian decomposition method, the homotopy perturbation

method or the modified Variational iteration method.

Also, studying the three-dimensional Sumudu transform. In addition, the most important
properties, and how to apply it practically in various applied fields such as applied

mathematics, physics, and engineering.
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